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1. Introduction

S uppose that $"~1(n > 1) denote the unit sphere in R” with the normalized Lebesgue measure do(x’).
Let O € L5(S"1)(1 < s < o) be a homogeneous function of degree zero on R". The multilinear
fractional integral operator with rough kernel Tg,y (0 < u < n) is defined by

T () = [ e R (43, 9) (4)l,

where A is a function defined on R” and R;,+1(A4; x,y) is the mth reminder of Taylor series of A at x about y.

More precisely
1
Ryi1(A;x,y) = A(x) = ) —DTA(y)(x—y)",
o<

whenm =1, T4 i 18 just the commutators of the fractional integral with rough kernel with function A.

4,000 = [ Y (Ax) — Al f )y

R [x —y|"H

The multilinear fractional maximal operator with rough kernel is defined as

M) = sup s [ 100 = ) Ruwsr (47 £ .
lx—yl<r

In 1975, Coifman and Meyer [1] introduced multilinear integral and the boundedness of the multilinear
fractional integral operator on Lebesgue spaces established in [2-4]. Li and Tao [5] discussed the boundedness
of multilinear commutators with rough kernels on Morrey-Herz spaces.

On the other hand, the theory of the variable exponent function spaces has been rapidly developed after
it was introduced by Kovéacik and Réakosnik [6]. After that, many researchers work in this direction has been
done, see for example [7-13]. The boundedness of the multilinear fractional integral operator on variable
Lebesgue spaces are established in [14,15]. Recently, Lu and Zhu [16] established the boundedness of the
multilinear Calderén-Zygmund singular operators on Morrey-Herz spaces with variable exponents.
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In this article, we study the boundedness of the multilinear fractional integral operator and multilinear
fractional maximal operator with rough kernels on variable exponent Lebesgue spaces. The boundedness of
the multilinear fractional integral operator is established on Morrey-Herz spaces MK (( )) (- )(R")

Throughout this paper, let |[E| be a Lebesgue measurable set in R" with measure |E| > 0 and xg be its
characteristic function. We shall recall some definitions.

Definition 1. [7]. Let p(-) : E — [1,00) be a measurable function, the variable exponent Lebesgue spaces
LPC)(E) is defined as

p(x)
Lp(.)(E) = {f is measurable : /E <|fg7x)) dx < oo for some constant 77 > 0}.

The space L], O(C') (E) is defined as

Lt )( E) = {fis measurable : f € Lt )(K ) for all compact K C E}.

loc

The relation between Lebesgue spaces LP(") (E) and Banach spaces is defined as

p(x)
£l ror ) = inf{ﬂ >0: /E ('fsyx)') dx < 1}.

We denote p— = essinf {p(x) : x € E}, p = esssup{p(x) : x € E}. Then P(E) consists of all p(-)
satisfying p_ > 1and p; < co.

Next, we give the definition of Morrey-Herz space with variable exponents q(-), p(-), «(-). Let By = {x €
R™ : |x| <2}, Cp = Bi\Bi_1, xx = Xy, k € Z.

Definition 2. [18]. Let q(-),p(-) € P(R"), 0 < A < oo and «a(:) : R" — R with a € L®(R"). The
af-)A

nonhomogeneous Morrey-Herz space with variable exponents MK" 2 )(R”) is defined as

A
MK (RY) = {f € LI (R™\{0}) : £y ey < <03

(2’“ |ka> p 1}_
1 p) "~
L90)

The homogeneous Morrey-Herz space with variable exponents MK (( )) (. )(R”) is defined as

where

ko €z k=0

MK (R = {f € L) (R™\{0}) : |If| MRS ny < 2

(z’m |ka|> <1}
1 O
LaC

In this section, we give some properties of variable exponents that will be helpful in proving our main

where
ko
\|f||MK ) =inf{ 7 >0:sup2 koA )

kg €z k=—00

2. Preliminaries

results.

Proposition 1. [7]. If p(-) € P(R") satisfies the follows inequalities:

lp(x) —p(y)| < x—y| <1/2;

C
lp(x) —p(y)| < logle - x))

log(|x —yl)
Ayl > Jx].
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then, we have p(-) € B(R").

Proposition 2. [14]. Suppose that p1(-) € B(R"), Q € L'(S"1),0 < u <
f e LMO)(R™), we have

1 1 _ K
T @ T m(@ = e then for all

HMQ,MfHLPz(')(Rn) < CHfHLPl(')(Rn)'
Now, we recall some lemmas.

Lemma 1. [7].
1. Let p(-) : R" — [1, 00), for all function f and g, then

[, P80l < Il o n I8l

2. If p(-),q(-),r(-) € R", p(-) and ﬁ = ﬁ + % Then there exists a constant C such that for all

f e L1O(R"),g € L") (R™), we have
181l < C”f”m(‘)([gn)||g||U(-)(Rn)'

Lemma 2. [7]. Let x € R" and ﬁ = % + ‘7(1—.), then for all measurable function f and g, we have

1F (O oo gy < ClIE GO Lo ey [Lf (O ) -

Lemma 3. [9]. Suppose that p(-) € B(R")and 0 < p~ < p™ < oo, then we have

1. for any cube |Q| < 2", and all the x € Q, we have || x| ) ~ |Q[M/P),
2. for any cube |Q| > 1, we have || xgl|; ) = |Q|Y P, where peo = limy—e0 p(x).

Lemma 4. [11]. If p(-) € B(R"), then there exist constants &y,6,,C > 0 such that for all balls B in R" and all
measurable subset S C B, we have

sl _ 18] 2limom oo ) sl (sl

Tes o ey aripre

Lemma 5. [19]. For p(-) € B(R"), there exists constant C > 0 such that for any balls B in R", we have
1
E ||XB ||LP(')(R") ||XB HU’/(‘)(R”) <C.
Lemma 6. [13]. Let p(-),q(-) € P(R"). If f € LP()10), then

min([| 5000+ 11 p000) < A7) < max (”f| Do+ If] Z;«)qm) '
Lemma 7. [20]. Let b € BMO(R"), where n is a positive integer, and let the constant C > 0. Then for any 1,j € Z
with [ > j, we have
1. CM < sup gt (b = b ol oy < CIBIE,
2. 11— b, "8, o gy < CC— )" 12 x5 oo ey

Lemma 8. [2]. Foranye > 0with0 < u —e < p + & < n, we have

ITA . f(x)] < CIMA ,, f ()2 IMA ,_f(x)]2.

Lemma 9. [4]. Let A be a function with derivatives of order m in Ag(0 < B < 1). Then there exists a constant C > 0
such that

[Rint1(A;x,y)| < C ( B IIDWAIIAﬁ) = y|™*P.

lv|=m
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Lemma 10. [21]. Let b(x) be a function on R" and Db € L] (R"), where q > n, then

1
q
1
Rn(bxy)l < =" T | ey [ ID7(z) ez
[y|=m ! B(x,y)
where B(x,vy) is the cube centered at x and having diameter 5v/n|x — y|.

Lemma 11. [7]. Let q(-) € P(R") and g% < oo, then for any s > 0, we have
AP gy = 1130 @m-

04 n _ rign—1 . n 1 1 B
Lemma 12. Let DYA € BMO(R")(|y| = |m|,m >1),Q € L"(S" '), p(:) € B(R") and o " pay — ok

we have

HM(A),yf(x)HLpz(')(Rn) <C Z ||D(YA||BMO(R")”fHLPl(‘)(Rn)I
ly|=m

where C is independent of f and A.
Proof. If ]\716# is defined by:

~ A _ 1
Mg, . f (x) = SUP )

[ 1906 = ) Rua (A% f3)dy.

5<|x—y|<r

Let Q(x, r) be the cube centered at x and having diameter 5/nr. If £ < |x — y| < r, by Lemma 10, we have

1
IRmt1(A;%,Y)| = |Rpus1(A %, 9)| < [Ru(Ax,y)| + ) ?ID“YAk(y)llx—ylm
[y|=m '°

< Clx—y[" ( Y. ID"Allgmomny + Y. IDTA(y) — mBk(DWAH) .
[y|=m [y|=m

By using Holder’s inequality, we get

~ 1
MA,f =swp— [ | X ID Allsuogn + X IDTA(Y) - mp, (D7)
r>0 L<|x—y|<r ly|=m ly|=m

x [Qx —y)f(y)|dy

<€ L 10" Albogen (M (1£1()
Yl=m

~l=

By the boundedness of the fractional maximal operator on LP(") (R") spaces, we obtain that

IIMS,Vf(x)IILm(-)(Rn) <C Y ID7Allpmon) IMjaye i (117 ()
[y|=m

<C Y [ID"AllgmognlllfI'l
ly[=m

<C Y ID"Allsmon 1 ooy
[y|=m

210
f

0~ ==

219}
f

M~ =l

Since Méryf(x) < ]\Zéryf(x) for all x € R", we have

HMé,yf(x)HLpz(')(Rn) < ||M§A),yf(x)||LV2(')(Rn)

<C ) HDWAHBMO(R")”fHLmU(Rn)'
y|=m

hen
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Then, we get

MG, f(x Mty <C Y IID7Allpmon) 1A 10 ey
[y|=m

This completes the proof of Lemma 12. [

Lemma 13. Let DYA € BMO(R")(|y| = |m|,m > 1), Q € L"(S*™ 1), p(-) € B(R") and m - ﬁ = L, then
we have

174, F ()l oy <€ X 1D Allagoqen 1l psos o
[v]=m

where C is independent of f and A.

Proof. Let0 < ¢ < min(y,n — p), and r(-) : R" — [1, +00), and let

1 p—e
p1(-) f(')gz(') 2
1 1 p+te
p1(+) r’(-)gz(') 2

By Lemma 8 and applying Holder’s inequality, we have

HTg,yf( )”Lpz R” <C||(MQ;L+£f) ||Lp2 H(Mﬂy sf) HLPZ ()

Since

1
H(Mé,yfsf)z HLﬁz( ) < CH(MQy ef)|

P‘ ST

1
2
SC( )3 ||D7A|BMo<Rn>) 171 R

[y|=m

Similar way, we concluded that

1

2
1
IMB iy e )2 ey < C( )3 ||D7AI|BMO(Rn>> HfIILp1 ()

[y|=m

then, we have

ITA 0 oy < € 2 1D Alsnsoree 1l oy
[v|=

This completes the proof of Lemma 13. O

3. Main results

In this section, we investigate the boundedness of the multilinear fractional integral operator with rough

a(-)A

kernel on variable nonhomogeneous Morrey-Herz spaces MK", a(Ip(- )(R")

Theorem 1. Suppose that DYA € BMO(R™)(|y| = |m|,m > 1). Let 0 < u < n, Q € L'(s" 1), q1(-), 92(") €

P(R") with (q2) - > (q1)+, and pr(), pa(-) € B(RY) satisfy 0 < p < =, —do = Ao = B I (A1) (qa) 4 =

(A2)(q1)— and p —ndy + (M) /(q1) - < ay <ndy+ %4 (A1)/(q1)—. Then Té‘y is bounded from MKD“r (R™)

71 ().p1(-)
to MK (()) ) (RY).

Proof. Let DYA € BMO(R"), f € MK“+(§1P ((R"), we write

f0 =Y fx(0) = Y fi()
j=0 =0
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By the definition of MKZ(:)’/\ (R"), we have

()p()

b || /20T (Fal\
ITA (Fxell ainy . =inf{ > 0:sup2 Ko L
O Mqu('):Zz(')(R ) ko€z kg%) n

For any kg € z, we see that

k() IS A '72(')
ko zklx(.) |TS (f)Xk‘ 5]2() ko 2 ‘ ';0 Tﬂ,y (f])Xkl
27k0/\2 2 M < 271{0)\2 Z =
— n pa() T - 11 + 112 + M3
k=0 L520) k=0
210
L220)
k—2 72(-) k+1 72(°)
w |20 E T8, o || (20 X Th, ()
< szo/\z 2 J= _._szo?\z Z j=k—
k=0 M1 k=0 12
P2()
L72()
o) ﬂz(')
o (2201 £ 1A, (hnd
okt y° = ,
k=0 M3
P2()
L9220)
where
k—2 "
= || ) Tau(f)xx
=0 a(-)A n
! MK (o) B
k—2 72(°)
o |(2401E TA
=inf{y > 0:sup2 For2 }° - <1,,
koGZ k=0 17
p2()
L720)
k+1 "
M2 = Z TQ,;! (f])Xk A
k- MK@(‘l),erz(‘) (R")
k+1 172()
o (2701 2 1AL
=inf{y > 0:sup2 For2 }° = <1y,
koez k=0 Ui
210
L920)
A
Mms = 2 TQ,;{(fj)Xk
j=k+4-2 a(-),A n
! MK Do) ®)
o ’72(')
w || (20 E T4, ()
=inf{n > 0:sup2 otz ) = <1
koGZ k=0 ;7
p2()
L720)

If 7 = 711 + M2 + 113, thus

ka()|TA (7 72(+)
271{0)\2 kzo 2 ( )|TQ,V (f])Xk'
k=0 n
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That is
IS, (f)XkHMKZ;()_’)A@(_)(R”) < Cyp < Clip + 12 + 113

Hence, it suffices to prove

oz <C X 10" Al Iy g
[y[=m

Denote 111 = [|f|, () O
P1

Now we consider 71, firstly. Applying Lemma 6, noting that Té,y is bounded on LP() (R"), it follows

(R")’

k+1 ’12(')
o Il 2201 T8, (F)xd
277(0/\2 ]:k_l
= 1 Xy j=m DY Al gpo(wny
210
72(-)
k+1 (@5)x
" 2"“<'>|4z T
<2 kO)\Z =
=Xy = m”D’YAHBMO (BN)
1r2()
k—i i A (43)
<2—k0)\2k20<1§ 2l ])“+2]a+|TQ,y(fj)Xk| > 2
=0 \j21 || 1 Ei=m DT Allppo@n) ||
k k i . (ql)k
o ([ )
k=0 \j=k—1]| T |[pne
where "
k+1 q2(:
20 T T,
(q2)- 11 Xy|=m |IDT Al mo®n) <1
1 Lr2()
(@2)k = 72(+)
20 T T4,0ml
(a2)+, T T AT >1
Lr2()

()M
SlncefeMK ()p()(

R™), we have

7 ()
2—k0)\1 <2k“+ |ka‘ ) S 1

M p1(:

91(+)

From this and again applying Lemma 6, if (41)+ < (g2)— and A1(92)+ = A2(g1)—, we can obtain that

(42)k
Ll’l(‘))

(33)k
k K a1 () || @b k k q1(+)
< ok 20 28 | fxl ! <C Z(]: o—kors | [ 2 28 fxl
ril) k=0 m e
e

k=0 mn

72(+)

k+1
2kﬂc(-) TA .
R ( 2 il

m

ko _
2—koA2 =t < 2 kA2
=1l | 1 Zjyj=m 1D Al porn) k;
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where

2kzx+
g+ |l <,

(‘ﬁ)]’ = ke Lt
2%+ | |
-, —— ke > 1.
(q1) m o)

This implies that

m2 < Cm < C Y DY Allpmo(rn ||f|\MK () Ly
|y[=m "

Now we estimate of 7711. Let x € Cy j < k — 2, then |x — y| ~ |x|, we can write that

T4 ufi () c/ B R (A ) )l
where ,
Alx) = A = ¥ (DT,
of=m 7"
and

Ry11(A;%,y) = Ryy1(Axs x,y), DT Ai(x) = DYA(x) — mo, (DY A), |y| = m.
Applying Lemma 10, we see that
[Rin+1(4;2,y)] = [Ryn1 (A %, y))|

< [Ru(Axy)|+ ), ?|D7Ak( y)l[x —y[™
ly[=m

ly|=m

. 1 T
<Cl—y" ¥ ((émm /Q(x,y)mmk(z)wdz) +,Y!|D7Ak<y>|)

<Clr—y" ¥ (IIDAllppoges) + D7 A )] ) -
y|=m

Thus, we get

TafieN =€ w Y. [ID"Allsyoen + ID7Ax()1] () dy
=yl mf
<C L / | \ﬂ u ||D7A||BMO rry + DV Ax(y )|} Ifi(y)|dy

[v|=m

<C X 10"l |, [ 0y

ly|=m
Q(x
£ T e o Al )l
[y|=m
=L1+1L

Applying the generalized Holder’s inequality, we have

Q(x —y)
Li<C 2 D7A my || fi )X .
1> = H HBMO(R )Hf]”LPl() |x _y|n—;4 j 70
11
If ) + = Pi( ) , by Lemma 2, then we have
Y _ N

Li < ). ID"Allgsoen) I fill o 192G =l | m— 5= || .
|'y|:m ‘x y| LP]()
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2k ’
<C ¥ ID Alsoen2 Pl ol g, | [ 7 [ 106)1e )
ly|=m k-2 )
—k(n— kn
< CHZ ID” Allpmoen 2~ ”)IlfjllmmIIXjIIL,:WZr 121 (51
Y|=m
<C Y D7 Allgpioen2 K2 |l sl -
|y[=m
According to Lemma 3 and the formula N/l() = p,l(_) - %, we have
Pt 1
;1
||XB]||LP ||XB]”L;1£()|B]| 4

Then, we obtain

—k(n— k—i)t
L < Y. IDYAllpmown)2 (n=#))( ])’||fj||Lp1<»)HXB-|| P
TV LA
ly|=m

For L,, applying the generalized Holder’s inequality, we get

Ox —y)

Ly<C Y llfillmo WX]|D7Ak(y)| o
|y|=m Y 10
It p/ll(_) = % + ﬁ,by Lemma 3, we have
L<C ¥ 27 Mfill o 100 =)l 51D A 5,
y|=m
< Wl 10—l T (D7AC) =y OAN]
y|l=m

Similarly, and applying Lemma 7, we conclude that

Ly < Y [ID"Allpmogmn) (k —]')Tk(nfmz(kfj)%Hfj”Lpl(») [Pl

LV%(')'
l7[=m

Combining the above two estimates about L1, Ly, we obtain

‘Tayff(xﬂﬁc"z 1D Allsatogn) (k — )27 K= 26DE £yl | -
Yl=m

From this and using Lemma 6, we deduce that

» 72(-) » (43)x
ko 2k | Z TQH f])Xkl ko 2kl | Z TQ],[(f])Xk|
szo/\z j=0 < Z*kO)\z j=0
k=0 m Z|'y|:m ||D7A||BMO(R”) B —o || M1 Z\’y\:m HDVAHBMO(]R”)
24 Lp2()
where 0
k=2 a2\
2ke()| L T4 4 fi)xed
j=
(22)-, 11 Lyy|=m [IDYAllpmo(rn) <1
2 .
(qZ)k - k=2 72(") s
2401 £ T4, ()
(22)+, 11 Lly|=m IDT Al ppo(rr) > 1.
Lr2()
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K L
nr then C; |B‘ " HXB ”LVZ(') < ||XB ||LP1(') < C2|B| ||XB HU’z(') (see[22], p.370)
Therefore, together with this and applying Lemma 4 and Lemma 5, we have
ke 72(-)
o || 2OV T,
Z—kg/\z J=

k=0

11 Ljyl=m [IDTAllpmomer)

P2()
)
b [ iy 2 N
<2 koAz Z oka(:) Z o—k(n—p)o(k=j) % (k _]) vt
k=0 =0

m
ko k-2
< 2 ko Z l (- -

(7@)k
LP () (Rm) ||XBf||L"’/1(') 18l ot ]
Zklx ) 22 k(n—‘u)z(k_]')n(k

; (Q%)k
- |2 o, s 1Bl gl
k=0 =0 M (e O (R JUL
_ (3)k
- k=—c0 j=0 M AL O re) ||XBkHLp;
— |f | (q%)k
< C2 ko)\z 2](0( 1’1(51—7) ‘ f
k¥0 [ ; M Al O (re)
i (Q%)k
gy 12 L f X
<C2™ koAp _ k) (ndy oy
2 lz )2 ) m LP10) (Rm)
: aq,A n
Since f € Mqu(_),p](_)(R ), (Az

)/ (q2)+ = (M)/(q1)

and ay <ndy+ %+ (M)/(q1)
ko

_,we have
72()
2401 T4,
2—k0/\2 ]_
= 1 Xy j=m DY Al gpo(rny
P2()
2()
_k % (7)k
oo —2 )i
< C2foh2 Y7 LY (k — j)2U-Rma = e (2]“*|ka|> ”;’()
k=0 | j=0 n 7>( R7)
r 0 % (q%)k
o k=2 (a7)i
< C27For2 Y7 I Y (k — )2l o=~y (2””‘+|fxn|> » !
k=0 [ j=0 LW(R")
<C i 2(k=ko)Az
k=0
k—2

X Z(k_])2(]7k)((Al)/(q1)7+n§17$7“+) (
j=0

' 0 - (@3)x
oy | (2 Ll ™ v
—jA
2 Z’ ( m ; > by
n=0 L710) (R
0 k—2 ) . (Q%)k
<cY) o (k—ko)A2 Y (k ]')Z(J_k)((/\l)/(ql)+n51_r_a+)] <C,
k=0 =0
2/ f;
., <1,
(q1); = " e (110
2%+ | £y
(q1)+, Rl > 1.
m 7210
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This implies that

m <Cm Y, [ID"Allpmomwny = Y, IIDYAllgmo ®) IFI] 00 ()
P1

Iy |=m Iy |=m ) B

Finally, we estimate of 713. Let x € Cy, j > k+ 2, then |x — y| ~ |y|, by an argument similar to used in 711, we
have

T, fi(x)] < CI |Z IDY Allgatogeny (k= D27 £l e 12811 oy -
y|=m

Applying Lemma 6, we have

00 72(+) 00 (‘i%)k
. ka(- A
w [ 2901 T TA(F)xd W | 2V T TAL(A)xd
2—k0/\2 k+2 < 2 kOAZ ]:k+
oI 11 Xy j=m IDT Al pato®ny " =11 iy )=m [IDY Al pmore)
L220) Lr20)
where 0
q2(
20 £ 1,0
<
(92)-, m Zm m \|D7A|\BMO(RH) <1
(qg)k = 3 Lr2t)
200 £ 1,0
(q2)+’ m Z\’y\ m ‘|D7AHBMO(R”) > 1.
Lr2()

Therefore, applying Lemma 4 and Lemma 5, we get

ko/\zz zklx Zz]nyk )"f]|

(42)k
28 11 oy ||Lp2<->]

j=k+2 M AlLh O re)
ko |f (q3)
<oty [y § it k- | 2 el e zﬂk|ka||Lp1<.>]
k=0 | j=k+2 L0 (R)
ko i o) . |f| ) (q%)k
<cyforz ) 2Rt y7 20Ok - j) \ == zf"anjang(.)||ka||Lpl<.)]
k=0 | j=k+2 AR R210K6:0)
k i 00 (q%)k
< 2 kA2 ZO: k) Yy~ 2Rk — )‘ 1l LA
N k=0 | j=k+2 M (L O (re) ||XBJ~HL;71(-)
ko [ o0 |f| (q%)k
< C2 kol Z oka(:) 2 (k—j)2 o (k=j)(ndr—p) || V11 ] )
k=0 | j=k+2 M 1l Lr O (re)
Notice that f € MK’;‘;(’.?}’JI(‘)(R”), (A2)/(q2)+ = (M)/(q1)— and ay > p—ndy + (A1)/(q1)—, we have
o0 72(+)
20y T4 (F)xxl
2—]{0)\2 ]=k+2
S 1 Xy j=m DY Al gpomny .
P2t
()
1 @)k
—koA - - N (k—j)(ndy—p+ay) 2]a+|f7( | nt) @i
R B o [
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< 2 ko i i (k fj)z(k—j)("52—ﬂ+“+ (

k=0 |j=k+2

(2”"‘+Ifx |)ql
m

<C i 2 (k—ko)Az
k=0

<2na+|fx )'11()

m

X i (k—]')2(k—j)(msz—;4—(A1)/(5,1)7+,,(+ ( i

=) =) (qz)k
SCZz(k*ko)?\z Z (k—j)2 2 (k=j)(ndz—p—(A1 )/(%)M)] <C,

k=0 j=k+2
where
2% | fy |
(q1)-, i <1,
(33, = . L0
11); a) 27 |fy| .
, >
)+ no |6
This implies that
ma<Cm ), IDY Al pmo(rr) = )3 1D All spsoen 11 M (e
MK R’
ot iy a1 (pr ()

The proof of Theorem 1 is finished. O

Theorem 2. Suppose that DYA € Ag(|y| = |m|,m > 1). Let 0 < p < n,Q € L'(s"" 1), q1(-), q2(-) € P(R")
with (q2)— > (q1)+, and p1(-),p2(-) € B(R") satisfy 0 < u+p < (PT)+’ P]%x) — pz%x) = # If
(AM)(q2)+ = (A2)(q1)— and (u+ B) —ndy + (A1) /(q1)- < ay < ndy + 2+ (A1)/(q1)—. Then Té‘,y is bounded

from MK*+/M (R") to MK*U)A2 (™),

71 ().p1() ()P )
Y A n ‘X+r)L1 n :
Proof. Let D7A € Ag(R"), f € Mqu(-),p1(~)(R ), we write
o0 (o]
flx) =Y f0)x = Y fix)
=0 j=0
By the definition of MK;(()) ';\(.) (R"), we have
fo || (20174 (|2
A koA Qu\J IRk
HTQrV(f)XkHMKM‘)/AZ ') =inf ¢y >0:sup2 "0 2 ( > » <1V,
a2().p2() koez k=0 n m;(»)
For any kg € z, we see that
0 200 £ 74 el |
2otz ij <W>q2 < 2—koa % =
k=0 U L% - =0 1121 +1122+123 )
L720)
72(-) k1 72()
ok 2ka()| Z TSH(/CJ)XH . 2ke()] ngg/p(fj)XH
_ _ —F
=2 02k>;0 T 2 ozk);b 122
a 1219} - 1210}
92() L720)
k()| 2 A 92()
o K 2 \j:)kiﬂ T ) xk]
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where
k-2 "
2 = || ) Ta,u (fi)xx
i=0 a(-)A n
/ MKﬂz(‘)lgz(')(R )
k—2 92(+)
w Il 220 ) TA u ) xxl
=inf{y > 0:sup2 otz }° = <1y,
koez k=0 U
P2()
L920)
k+1 "
N = Z TQ,;M (fj)Xk ”
k— A n
! MK o) ®)
k+1 QZ(')
" zka(-)‘ '_%: : TS’H (f]))(k|
=inf{y > 0:sup2For2 }° = <1y,
koGZ k=0 ;7
p2()
L720)
— | ¥ T
123 Qu\Jj) Xk
j=k+2 a()A n
/ Mqu(’)rl%z(-)(R )
o0 72(+)
w Il 240 Py ZTS,V (fi) Xkl
=infqy > 0:sup2for2 y° = <1
kOGZ k=0 17
p2()
L72()
And 7 = 1721 + 22 + 1723, thus
k ka()|TA (. 72(°)
2—koAz ZO 2 |TQ'” (i) <C.
k=0 T 2y
= L72()

So, we have

||T£,H (f)Xk”MK,x(»),/\Z &) < Cyp < Clyar + 122 + 123
a2().p2 (")

Hence

21,122,123 < C ) IDYANAG NN et (R")’
|y]=m 1)1 ()

Denote 71 = ||fHMKa<->fA1
71()p1()

Now we consider #; firstly. Noting that Té‘,y is bounded on LP(") ( Theorem 5 in [14]), as argued about 71, in
proof of Theorem 1, we can get

(R")’

k+1 72(+)
o || (2401 T8,
2—koAz = <C.
L\ —n T oA,
y|=m [210]
L720)

This implies that

122 < C’?l < C Z HD’YAH/\ﬁHfHMK"‘()/\l (Rn)'
y|=m 91().p1()
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Next, we consider 71. Let x € Cy, j < k — 2, then |x — y| ~
. 0~ )
T, fi(0)] < #
By Lemma 9, and applying Holder’s inequality, we have

0
Thufil =€ XAl [

|n (n+B)

[y|=m

<C X DT Al Il H

[y|=m

ut+m

|x|, we get

W R (s, 9)ldy.

~DAW)

|n M+ﬁ LW1H

In the same way as we estimated L; in Theorem 1, we obtain that

ITAfi(x)| <C Y IDY A4,
[y|=m

Applying Lemma 6, we get that

n—(u+p))p (k=

DAl o s 1y

i 22 72(°) » (a3)
6 11201 pa T () xx] 6 (1290 2 - To (il
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(92)-, W <1,
¥|=m
(42 = ez Sl
2ke()| T T4, (i) xel
=
(92)+/ X T0AT, > L
y|=m
Lr2()
Since ﬁ - ﬁ = ZHﬁ ,then || xg|l pp) < C27 k(u+B) X8Il pi() (see[22], P. 370). Therefore, applying Lemma 4
and Lemma 5, we deduce that
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2 70 1 (95)x
< cortuts 3 | S b ‘(zmcl) i
k=0 |j=0 n 100 (Rn)
ql(.),pl(.)(]R”)/ (A2)/(q2)+ = (M1)/(q1) - and ay < 1y + 2 4 (A1)/(91)—. In the same way

Notice that f € MK/

as we estimated #11 in Theorem 1, we obtain that

k-2
2k )| o T4 . (i) xid

72(+)

ko
2—koA2 Z
k=0 m
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HD’YAH/\/g
p2(’)

72()
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q1)j 20+ | £,
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v o
This implies that
m<Cn X IDAl, = L IDAL ]y gy
[y[=m |y|=m ne
Finally, we consider #p3. Let x € Ci, j > k+ 2, then |x — y| ~ |y|, we have
Qx —»)Ifiy)]
TAWN < [ =y Rt (A32,0) .
Applying Lemma 10 and Holder’s inequality, then we have
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From this and applying Lemma 4 and Lemma 5, we conclude that
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oty 2 [ () -k utp) || il ; (q%)k
_ e — —in
e Ve ] i 28 o I
o [ I lcsell ey T2
<ok y° |g0) 3 z(f—k>(u+ﬁ>’ Ji Xl
B k=0 | j=k+2 m LPl(')(RH) ||XB]-||LP1(')
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_ L2t
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2401 £ T8,
(42)+, X AT, =
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Notice that f € MKZ;('_)),‘M(.)(R”), (A2)/(q2)+ = (M) /(q1)- and a > (pu+ B) —nda + (A1) /(q1)—, by the

same argument as that of 7713, we have

00 72(+)
o (2401 £ 1A,
27}(0/\2 Z j=k+2
k=0 171 Z HD’YAH/\ﬁ
lv|=m p2()
L720)
) al) % (q%)k
koM v | N k) (o 2 | f N
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<C i 2 (k=ko)Az [ i 9 (k=) (nd—(p+p)— (A1) / (q1) —+a+)
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1 (@)
. _ 3y
(o [y
m Bl
n=0 L0 (Rm)
<C,
where ‘
2+ |f
(q1)-, m - <1,
(qZ) _ ) Lp1)
R PR O el
qa1)+, 7 e
This implies that

s <C Y DAl = X IDT Al f] e &)
[y|=m |y|=m 71 ()p1()

Then, the proof of Theorem 2 is finished. O
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