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ABSTRACT. In this paper, we present a new viscosity technique of nonex-
pansive mappings in the framework of CAT(0) spaces. The strong conver-
gence theorems of the proposed technique is proved under certain assump-
tions imposed on the sequence of parameters. The results presented in this
paper extend and improve some recent announced in the current literature.
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1. Introduction

The study of spaces of nonpositive curvature originated with the discovery of
hyperbolic spaces, and flourished by pioneering works of J. Hadamard and E.
Cartan in the first decades of the twentieth century. The idea of nonpositive cur-
vature geodesic metric spaces could be traced back to the work of H. Busemann
and A. D. Alexandrov in the 50’s. Later on M. Gromov restated some features
of global Riemannian geometry solely based on the so-called CAT(0) inequality
(here the letters C, A and T stand for Cartan, Alexandrov and Toponogov, re-
spectively). For through discussion of CAT(0) spaces and of fundamental role
they play in geometry , we refer the reader to Bridson and Haefliger [1].

As we know, iterative methods for finding fixed points of nonexpansive mappings
have received vast investigations due to its extensive applications in a variety of
applied areas of inverse problem, partial differential equations, image recovery,
and signal processing; see [2, 3, 4, 5, 6, 7, 8, 9, 10] and the references therein.
One of the difficulties in carrying out results from Banach space to complete
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CAT(0) space setting lies in the heavy use of the linear structure of the Banach
spaces. Berg and Nikolaev [4] introduce the noton of an inner product-like no-
tion( quasilinearization) in complete CAT(0) spaces to resolve these difficulties.
Fixed-point theory in CAT(0) spaces was frst studied by Kirk [11, 12, 13]. He
showed that every nonexpansive (singlevalued) mapping defned on a bounded
closed convex subset of a complete CAT(0) space always has a fxed point.
Since then, the fxed-point theory for single-valued and multivalued mappings
in CAT(0) spaces has been rapidly developed. In 2000, Moudaf’s [14] introduce
viscosity approximation methods as following:

Theorem 1.1. [14] Let C be a nonempty closed convez subset of the real CAT(0)
space X. Let T be a nonexpansive mapping of C into itself such that Fix(T) is
nonempty. Let f be a contraction of C into itself with coefficient 6 € [0,1). Pick
any xg € [0,1), let {x,} be a sequence generated by

Tn
Tpil = Tn)+ ——T(x,), n>0
1= 2 ) + )
Where {v,} is a sequence in (0,1) satisfying the following conditions:
(1) lim 5, =0,
n—oo

@)i%:w
(8) Sl —

Yn+1
Then {x,} converges strongly to a fized point x* of the mapping T, which is also
the unique solution of the variational inequality

(x — flx),z—y) >0, Vye Fig(T),
in other words, x* is the unique fived point of the contraction Priy(r)f, that is
Py f(z*) = 2*.

Shi and Chen [15] studied the convergence theorems of the following Moudaf’s
viscosity iterations for a nonexpansive mapping in CAT(0) spaces.

Tpp1 =tf(zn) ® (1 —t)T(2n) (1)

Tnt+1 = anf(xn) 2 (1 - an)T<xn) (2>
They proved that {x,,} defned by (1) and {z,} defned by (2) converged strongly
to a fxed point of T in the framework of CAT(0) space. In 2017, Zhao et al.
[16] applied viscosity approximation methods for the implicit midpoint rule for
non-expansive mappings

:O;

'T'”/ @m'n/
Tpg1 = @ f(2y) ® (1 — a,)T (2+l

C.Y. Jung et al. [17], proposed two generalized viscosity implicit rules:
Tpt1 = an f(20) & (1 — an)T ($p2n & (1 — $)Tnt1) (3)
Tpi1 = Ty O Bf(Tn) + T (5020 & (1 — 55)Tng1). (4)

),VnZO.
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Motivated and inspired by the idea of C.Y. Jung et al. [17], In this paper, we
extend and study the implicit viscosity rules of nonexpansive mappings in the
framework of CAT(0) spaces

Tn41 = T(yn)7
Yn = an(wn) S an(wn) S 'YnT(wn)7
wy, = TnBTn41 )

2. Preliminaries

Let (X, d) be a metric space. A geodesic path joining z € X to y € X (or, more
briefly, a geodesic from z to y) is a map ¢ from a closed interval [0,!] C R to X
such that ¢(0) = z, ¢(l) = y, and d(c(t),c(t')) = |t — /| for all t,¢' € [0,1]. In
particular, ¢ is an isometry and d(z,y) = [. The image « of ¢ is called a geodesic
(or metric) segment joining z and y. When it is unique, this geodesic segment
is denoted by [z, y]. The space (X, d) is said to be a geodesic space if every two
points of X are joined by a geodesic, and X is said to be uniquely geodesic if there
is exactly one geodesic joining « and y for each x,y € X. A subset Y C X is said
to be convex if Y includes every geodesic segment joining any two of its points. A
geodesic triangle A(z1, x2, z3) in a geodesic metric space (X, d) consists of three
points x1,x9,and z3 in X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(x1, 29,73 in (X, d) is a triangle A(zy,z2,23) := A(T71, T2, T3) in the
Euclidean plane E? such that dgzd(z;, ;) = d(z;,x;)for i,j =1,2,3.
A geodesic space is said to be a CAT(0) space if all geodesic triangles satisfy the
following comparison axiom.
Let A be a geodesic triangle in X, and let A be a comparison triangle for
A. Then, is said to satisfy the CAT(0) inequality if for all z,y € A and all
comparison points Z,7 € A,
d(xa y) = dE2 (f7 y) (5)
Let z,y € X and by the Lemma 2.1(iv) of [18] for each ¢ € [0, 1], there exist a
unique point z € [z,y] such that
d(:l?, Z) = td(xv y)a d(y7 Z) = (1 - t)d(l‘, y) (6)
From now on, we will use the notation (1 —¢)z @ ty for the unique fixed point z
satisfying the above equation.
We now collect some elementary facts about CAT(0) spaces which will be used
in the proofs of our main results.
Lemma 2.1. [18] Let X be a CAT(0) spaces.
e For any z,y,z € X and t € [0,1],
d(1 -tz ®ty,z) < (1 —t)d(z,2) +td(y, 2) (7)
e For any z,y,z € X and t € [0,1],
(1 -tz dty,2) < (1 —t)%d(z,2) + td*(y, 2) — t(1 — t)d*(z,y) (8)
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Complete CAT(0) spaces are often called Hadamard spaces (see [1]). If =, y1, y2
are points of a CAT(0) spaces and yo is the midpoint of the segment [y1,ys],
which we will denoted by %, then the CAT(0) inequality implies

D 1 1 1
d? (93, y12yg) < §d2($7y1) + §d2(337y2) - ZdQ(th)- 9)

This inequality is the (CN) inequality of Bruhat and Tits [19]. In fact, a geodesic
space is a CAT(0) space if and only if it satisfes the (CN) inequality (cf. [1],
page 163).

Definition 2.2. Let X be a CAT(0) space and T : X — X be a mapping. Then
T is called nonexpensive if

d(T(x), T(y)) <d(z,y), z,yeC

Definition 2.3. Let X be a CAT(0) space and T': X — X be a mapping. Then
T is called contraction if

d(T(x),T(y)) < 0d(z,y), z,ycC 6c][0,1)

Berg and Nikolaev [4] introduce the conce%t of quasilinearization as follow. Let
us denote the pair (a,b) € X x X by the ab and call it a vector. Then, quasilin-
earization is defined as a map
(Ly:i(zxX)x (X xX)—R
defined as
1

(ab, cd) = 5 (@ (a.d) + d*(b,¢) = d(a,c) — d*(b, ) (10)
it is_e)asy to see_)that (%, 21> = (Zi,$>, <%,zl> = —<£,3i> and ((ﬁ,zﬁ +
(a?i, cdy = (%,cd) for all a,b,¢c,d € X. We say that X satisfies the Cauchy-
Schwarz inequality if R

(ab, ed) < d(a,b)d(a, c)

for all a,b,c,d € X. Tt is well-known [4] that a geodesically connected metric
space is a CAT(0) space of and only if it satisfy the Cauchy-Schwarz inequality.
Let C be a non-empty closed convex subset of a complete CAT(0) space X. The
metric projection P.: X — C'is defined by

u= P.(r) < inf{d(y,z) :y e C}, VexeX
Definition 2.4. Let P, : X — (' is called the metric projection if for every
x € X there exist a unique nearest point in C, denoted by P.z, such that
d(z, P.x) <d(z,y), yeC

The following theorem gives you the conditions for a projection mapping to be
non-expensive.

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT(0)
space X and P.: X — X a metric projection. Then
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(1) d(Pex, Pey) < (70, PexPey) for all z,y € X
(2) P. is non-expensive mapping , that is, d(x,p.x) < d(z,y) for ally € C
(3) (xP.x,yP.y) <0 forallz € X andy € C.

Further if, in addition, C is bounded, then F(T) is nonempty. The following
Lemmas are very useful for proving our main results:

Lemma 2.6. (The demiclosedness principle) Let C be a nonempty closed convex
subset of the real CAT(0) space X and T : C — C such that

Tpn — 2" € C and (I —T)x, — 0.
Then x* = Ta*. (Here — (respectively —) denotes strong (respectively weak)
convergence. )

Moreover, the following result gives the conditions for the convergence of a non-
negative real sequences.

Lemma 2.7. Assume that {a,} is a sequence of nonnegative real numbers such
that an1 < (1= PBn)an +n,Vn > 0, where {B,} is a sequence in (0,1) and {5, }
s a sequence with

(1) 32029 Bn = o0.

(2) lim,— 00 SUp % <0 or Y010, < oo.
Then lim a, — 0.

n—oo

2.1. The Main Result.

Theorem 2.8. Let C be a non-empty closed convex subset of a complete CAT(0)
space X and T : C — C be a non-expensive mapping with Fiz(T) # (0. Let
f:C — C be a contraction with coefficient 6 € [0,1) and for arbitrary initial
point g € C. Let {z,} be a sequence generated by

Tn+l = T(yn)7
w, = xn,®§w,+17

where {an}, {Bn} and {yn} are the sequence in (0,1) satisfying the following
conditions:

(1) On +Bn+7n =1,

(2) limy, oo ap =0 =1lim,, o fBr and lim, 00 v = 1,

(3) Yopeo lams1 —an| < oo,

(4) 200 Bntr — Ba| < o0,

(5) limy,— oo d(xp, T(xy)) = 0.
Then {x,} converges strongly to a fized point x* of the mapping T, which is also
the unique solution of the variational inequality

(wf(z),2h) >0, Vye Fia(T),

in other words, x* is the unique fived point of the contraction Priyr)f, that is
Priy) f(2*) = 2*.
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Proof. We divide the proof into four steps.
Step 1. Firstly we show that the sequence {z,} is bounded. Indeed take
p € Fix(T') arbitrary, we have
d(Zn+1,D)
(Yn);P)
(an(wn) © Bn(wn) © Yn(wn)), p)
o (wn) @ Bn(wn) ® T (wy),p)
an(wn) — anp + Bu(wn) = Bup + 1T (wn) + anp + Bup, p)
nd((wn), p) + Bnd((wn), p) + Vnd(T (wn), p)
Srd((@a).p) + (). p)
+6n ((wn), f(p ))+Bn (f(P);p) + (T (wn) p)
o
—d

S d((@n).p) + (). ) + 05d((wn). ) + Bd((P):p)

(T
(T
d(

(

(/AN VAN | I VAN |

1 1
+ Tn <2d(mn,p) + Qd(mnﬂ,p))

5 2

I %d(%ﬂ),p) + Bnd(f(p),p)

- (15";95") d(xn,p) + (W) Ans:p)
T r%”d(xmq),p) + Bnd(f(p), p)-

It follows that

(1 _ 1_5”2—’_0/8”> d(xn+1,p) = (W) d(azmp) + ﬁnd(f(p>7p)'

implies that

(1+ Bn(1 = 0))d(zns1,p) < (1= Bu(1—0))d(zn,p) + 26,d(f(p).p).  (11)
Since (3,0 € (0,1),1 — 3,(1 — ) > 0. Moreover, by (11) and a, + By +vn = 1,
we get

d(xnﬂap)

1= 6,(1-0) 2,
md(x"’p) T md(f(p),p)

< [1- 220w + [0 (it ).

Thus we have

) < ma{denp). L5000 |
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By applying induction, we obtain

dre.) < mae{ oo, ) 501}

Hence, we conclude that {z,} is bounded. Consequently, we deduce immediately
from it that {f(w,)} and {T(w,)} are bounded.
Step 2. Now, we prove that le d(xpt1,2,) =0

d(Tnt1,Tn)

d(T'(yn), T (yn-1))

= d(T(an(wn) ® Bn(wn) @ n(wn)), T(on—1(wn-1)
69anl(wnfl) D Yn—1 (wnfl)))

< d(an(wn) @ Bu(wn) @ YT (wn), [on—1(wn—1)
@ﬂn—l(wn—l) D ’Yn—lT(wn—l)])
S %d($n+la xn) + %d(gjny In—l)

%Ian — ap—1|d ((xn-1 + 25), 2T (Wp-1))
+6nd(f(wn), f(wn—l)) + |ﬂn — ﬂn_1|d(f(wn_1), T(wn_l))
+9,d(T(wy,), T(wp—1))

= %d(l'rwrhl'n) + %d(xn,an) + (;an — p_1| + |Bn — 5n1|> M

+05nd(wna wnfl) + Y (wna wnfl)
%d(ﬂcn+laxn) + %d(xnaxn—l) + <

0 n 9 n n n
+%d(xn+1,xn> + %d(xnaxnfl) + %d(mn+1; xn) + %d(xnaxnfl)

_ (W) A(ner, ) + (W) (s 2n1)

1
i‘an - an—l‘ + |ﬂn - 5n—1|> M

1
+ <2Oén - O‘n—l‘ + |Bn - 6n—1|> M

where M > 0 is constant such that

M > max {sup d((zn + Tny1, 2T (wp—1)), sup d(f (wn—1), T(wn—l))} :
n>0 n>0
It gives

<1 _ W) (i1, )
B (an +60Bn +

1
9 ) d(xnvxn—l) + <2|an - an—1| + |Bn - /Bn—1|) M
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implies that
L L=Bu+08,

2
— <1 B /Bn + oﬁn

)dair.z)

9 ) d(xnvxn—l) + (;an - O‘n—l‘ + |6n - ﬂn—ll) M
implies

(14 5n(1—6))d(xnt1,xn)

< (1= Bn(1=0))d(xn, n-11) + (|an — an_1| + 2|8 — Bn-1]) M.

Thus, we have

1-6,(1-0
d(anrlaxn) é (M) d(xn;xnfl)
M
+m (lon = an—1| +2|Bn — Bn-1]) -
Since By, 0 € (0,1),1+ Bp(1 —6) > 1 and (M) <1— B,(1—0), thus

d(m’rb-‘rla xn) S [1 - ﬁn(l - 0)]d(xn7 xn—l)

M
T Ba( gy n = 2060 = Fua)

Since Y07 o B = 00, Do’ g1 — ap| < co,and Y00 |Bug1 — Ba| < o0, by
the Lemma (2.7) we have lim d(zp41,2,) =0.
n—oo

+

Step 3. In this step, we claim that

—
lim sup(z* f(z*), 2" x,,) <0,

T—0o0
where 2 = Ppiyr) f(z*).
Indeed, we take a subsequence {x,,} of {z,} which converges weakly to a fixed
point p of T. Without loss of generality, we may assume that {z,,} — p. From
nl;n;o d(xy, T (zy,) = 0 and the Lemma (2.6) we have p = T'p. This together, with

the properity of metric projection implies that

— —
lim sup(z* f (z* ;, x*x,) = limsup(z*f(z* ;, T ;)
T—00 T—00
—
= limsup(z* f(z* ;, x*p)
T—r 00
< 0.

Step 4. Finally, we show that xz, — 2* as n — oco. Now, we prove that

lim d(xn+1,2,) = 0. Now, we again take z* € Fix(T') is the unique fixed point
n—oo

of the contraction Ppiy(1)f. Consider

d*(Tpg1, Tn)
= d*(T(yn),z")
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d2(T(O‘n(wn) ® Bn(wn) ® yn(wn)), z")

d2(an(wn) ® Bn(wn) © T (wy), ")

= d*(an(wn) — anz® + Bu(wy) — Bpx™ + T (wn) + apz® + Bz, z*)
and®((wn), @) + Brd*((wn), ) + yad*((wn), «*)

— —
200, B W, x* f(wn)) + 20,y (" Wy, 2" T (wy,))

+2ﬂn7n<$*f(wn5v x*T(wnj>
= and*((wn), ") + Brd*((wn), 2*) + vad?*((wn), =¥)
+2an6n<x—*1‘uz, z* f(wy )> + 20, Y d(Tn, ) d(T (wy,), z*)
+25n7n<z*f(wn5a x*T(wn5>
(@ + 72 d* (wy, %) + 20, Ynd? (W, =*)
+2B,79md®(f (wn), f(z*))d? (wp, 2*) + Ko
(@ + 32 d* (wy, %) + 208, Ynd* (0, v*) + K,
( + 9 + 2080 7n)d? (wn, 27) + Ky
(1= B2)? + 20870 )d* (wn, &™) + Ky,

IN

IA

ININ A

where

K, = B2d(f(wn),*) + 200 fn(z wn, 2 f (wn))
280 Yo (f (w )™, T(wy )2

it become

[(1 - 6)2 + 29ﬂn7’n)]d2(wnax*) Z d2($n+17$n) - Kn

implies

\/(1 - 5)2 + 296n7nd(wn7$*) 2 \/d2($n+17xn) - Kn

implies

VB + 28w, ) A, ")+ d(,27))
> \/d2($n+1,$n) - K,

implies
1
Z((l - ﬂ)Q + 296n7n)(d2($n+1a ") + d2(37n7 ")) + 2(d(xn+1, z")

+d(mn; 3?*)) Z dQ(anrla-Tn) - Kn

implies

(= B 4+ 208,30) (@ (@n1,2°) + P (20,27) + (& (g, 2°)

+d2(xn,x*)) > d2(xn+1,1'n) - K,
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{1

S |:;((1 - 6)2 + 29/8n’77b):| d2(xn+1>$*) + Kn-

implies

N | —

((1ﬂ>242aﬂnvn>]d2<zn+l,x*>

Thus, we have

dQ(xn-i-lvxn)
3((1 = B)% +20B,vm)
1—3((1 = 8)%+208,7n)
K,
1—3((1 = B8) +20B.7m)
1= H(1 = B) +208,7) — 1+ (1= B + 208,73

< 2(£L'n+1,x*)

+

= d*(zpy1,2")

1- %((1 - 6)2 + 29/6n7n)

+ Kn
1— (1= B)% +20B.7n)
1— (1= 8)%+ 2087 .
=M Tic é(((l —6%)2 + 256371) i, o)
+ Kn .
1- %((1 - 6)2 + 29ﬁn7n)
Note that
0<1-— %((1 —B)2 +20B,7,) < 1
implies

L= (1= B)2+2080m) o 1 1y aro
1— %((1 _ ﬁ)g =+ 29571,)/”) 2 1 ((1 ﬂ) + 20/8n7n)'

Thus, we have

d2 (.’tn+1, xn)

Ky
<1—((1=8)+20B,7vn)d*(®ns1,2%) + 1— (1= B)2 + 20B,7m)
3 nn
o , . K,
= [((1 = B)" + 2080 m)ld" (@ns1,27) + (1 - B)2 +20B,7)

K,
1= 5((1 = B)% +265,7)
Since 0 < 1 — 3, < 1, this gives (1 — $3,)? < (1 — 3,,) and
K,
1= 5((1 = B)* +20B,7n)

= (1 - B)*d*(zp41,27) +

dZ(anrla mn) S (1 - ﬁ)dQ(anrhx*) +

(12)
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by lim a, = lim 8, =0 and lim ~, =1, we have
n—oo n—oo n—oo

li K
o Bl = 1(1 = B)2 + 20Bu7m))

s [ B 0).2%) + 2008, w7 (w,)

2ﬁn’)’n<x*f(wnj7 x*T(wnj>
(1- %((1 — )% +208,7n))
<0. (13)

+

From (12) and (13) and Lemma (2.6), we have

lim d(xp41,2%) = 0.
n—oo

This implies that x,, — z* as n — oco. This complete the proof. O

Competing Interests

The author(s) do not have any competing interests in the manuscript.

10.

11.

12.

REFERENCES

. Bridson, M. R., & Haefliger, A. (1999). Metric spaces of non-positive curvature,

Grundlehren der mathematischen Wissenshaften, vol. 319.

. Alghamdi, M. A., Alghamdi, M. A., Shahzad, N., & Xu, H. K. (2014). The implicit

midpoint rule for nonexpansive mappings. Fized Point Theory and Applications, 2014(1),
96.

. Rajagopal, Attouch, H. (1996). Viscosity solutions of minimization problems. SIAM Jour-

nal on Optimization, 6(3), 769-806.

. Berg, I. D., & Nikolaev, I. G. (2008). Quasilinearization and curvature of Aleksandrov

spaces. Geometriae Dedicata, 133(1), 195-218.

. Auzinger, W., & Frank, R. (1989). Asymptotic error expansions for stiff equations: an

analysis for the implicit midpoint and trapezoidal rules in the strongly stiff case. Nu-
merische Mathematik, 56(5), 469-499.

. Petrusel, A., & Yao, J. C. (2008). Viscosity approximation to common fixed points of fam-

ilies of nonexpansive mappings with generalized contractions mappings. Nonlinear Analy-
sis: Theory, Methods & Applications, 69(4), 1100-1111.

. Shimoji, K., & Takahashi, W. (2001). Strong convergence to common fixed points of infinite

nonexpansive mappings and applications. Taiwanese Journal of Mathematics, 387-404.

. Wu, D., Chang, S. S., & Yuan, G. X. (2005). Approximation of common fixed points for

a family of finite nonexpansive mappings in Banach space. Nonlinear Analysis: Theory,
Methods & Applications, 63(5), 987-999.

. Xu, H. K. (2004). Viscosity approximation methods for nonexpansive mappings. Journal

of Mathematical Analysis and Applications, 298(1), 279-291.

Yao, Y., & Shahzad, N. (2011). New methods with perturbations for non-expansive map-
pings in Hilbert spaces. Fized Point Theory and Applications, 2011(1), 79.

Dhompongsa, S., Kirk, W. A.,; & Panyanak, B. (2007). Nonexpansive set-valued mappings
in metric and Banach spaces. Journal of Nonlinear and Conver Analysis, 8(1), 35.

Kirk, W. A. (2003, February). Geodesic geometry and fixed point theory. In Seminar of
Mathematical Analysis (Malaga/Seville, 2002/2003) (Vol. 64, pp. 195-225).



12

13.

14.

15.

16.

17.

18.

19.

I. Ahmad, M. Ahmad

Kirk, W. A. (2004). Geodesic geometry and fixed point theory II. In International Con-
ference on Fized Point Theory and Applications (pp. 113-142).

Moudafi, A. (2000). Viscosity approximation methods for fixed-points problems. Journal
of Mathematical Analysis and Applications, 241(1), 46-55.

Shi, L. Y., & Chen, R. D. (2012). Strong convergence of viscosity approximation methods
for nonexpansive mappings in CAT (0) spaces. Journal of Applied Mathematics, 2012.
Zhao, L. C., Chang, S. S., Wang, L., & Wang, G. (2017). Viscosity approximation methods
for the implicit midpoint rule of nonexpansive mappings in CAT (0) Spaces. Journal of
Nonlinear Sciences & Applications (JNSA), 10(2).

Ke, Y., & Ma, C. (2015). The generalized viscosity implicit rules of nonexpansive mappings
in Hilbert spaces. Fized Point Theory and Applications, 2015(1), 190.

Dhompongsa, S., & Panyanak, B. (2008). On-convergence theorems in CAT (0) spaces.
Computers & Mathematics with Applications, 56(10), 2572-2579.

Bruhat, F., & Tits, J. (1972). Groupes réductifs sur un corps local Publications
mathématiques de 'THESI, 41(1), 5-251.

Iftikhar Ahmad
Department of Mathematics and Statistics, The University of Lahore, Lahore Pakistan
e-mail: iftikharcheemal122@gmail.com

Magbool Ahmad

Department of mathematics and statistics, The university of Lahore, Lahore Pakistan.
e-mail: magboolchaudhri@gmail.com



