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Abstract

In this paper, closed forms of the summation formulas for generalized Pentanacci numbers are
presented. Then, some previous results are recovered as particular cases of the present results.
As special cases, we give summation formulas of Pentanacci, Pentanacci-Lucas, fifth order Pell,
fifth order Pell-Lucas, fifth order Jacobsthal and fifth order Jacobsthal-Lucas sequences. We
present the proofs to indicate how these formulas, in general, were discovered. In fact, all the
listed formulas of the special cases of of the main theorems may be proved by induction, but that
method of proof gives no clue about their discovery.
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1 Introduction

The generalized Pentanacci sequence {W,, (Wo, Wi, Wa, W3, Wy;r, s,t,u,v) }n>0 (or shortly {Wy }n>0)
is defined as follows:
Wn = Tanl + SWn72 + th73 + UWn74 + an75, (11)
Wo = co,Wi=c,Wa=c2, Wa=c3, Wa=c4, n2>5

where Wy, W1, Wa, W3, Wy are arbitrary real or complex numbers and r, s, ¢, u, v are real numbers.
The sequence {W, },>0 can be extended to negative subscripts by defining

U t s T 1
W_n = _7W7n+1 - 7W77L+2 - 7W77L+3 - 7W7'n+4 + 7W*'n+5
v v v v v

forn =1,2,3,... when v # 0. Therefore, recurrence (1.1) holds for all integer n. Pentanacci sequence
has been studied by many authors, see for example [1], [2], [3], [4].

For some specific values of Wy, Wi, Wa, W3, W4 and 7, s,t,u, v it is worth presenting these special
Pentanacci numbers in a table as a specific name. In literature, for example, the following names
and notations (see Table 1) are used for the special cases of 7, s, ¢, u, v and initial values.

Table 1. A few members of generalized Pentanacci sequences

Sequences (Numbers) Notation OEIS [5]
Pentanacci {P.} ={W.(0,1,1,2,4;1,1,1,1,1)} A001591
Pentanacci-Lucas {Qn} ={Wn(5,1,3,7,15;1,1,1,1,1)} A074048
fifth order Pell {P} = {W,(0,1,2,5,13;2,1,1,1,1)} A141448

fifth order Pell-Lucas {QP} = {Wn(5,2,6,17,46;2,1,1,1,1)} .
fifth order Jacobsthal {J,(L5>} ={W,(0,1,1,1,1;1,1,1,1,2)} A226310
fifth order Jacobsthal-Lucas {8} = {(Wn(2,1,5,10,20;1,1,1,1,2)} A226311

The first few values of the sequences with non-negative and negative indices are presented in the
following table (Table 2).

Table 2. A few values of the sequences with positive subscripts

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13
P, O 1 1 2 4 8 16 31 61 120 236 464 912 1793
Q. 5 1 3 7 15 31 57 113 223 439 863 1695 3333 6553

PP 0 1 2 5 13 34 89 232 605 1578 4116 10736 28003 73041

5 2 6 17 46 122 315 821 2142 5588 14576 38018 99163 258650

JY o011 1 1 4 9 17 33 65 132 265 529 1057

i 2 1 5 10 20 40 77 157 314 628 1256 2509 5021 10042
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The first few values of the sequences with negative indices are presented in the following table

(Table 3).
Table 3. A few values of the sequences with negative subscripts

n 1 2 3 4 5 6 7 8 9 10 11 12 13
P_, 0 0 0 1 -1 0 0 0 2 -3 1 0 0
Q-, -1 -1 -1 -1 9 -7 -1 -1 -1 19 —23 -1
P o 0 0o 1 -1 0 0 -1 4 —4 1 1 -7
Q¥ -1 -1 -1 -5 14 -7 -1 3 —28 54 —34 1 38
J® 1 9 1 3 L _ 1t _ 1 31 95 _ 33 _ 545 _ 33 991

—n 2 1 8 16 32 64 128 256 512 1024 2048
(5) 1 1 _11 138 13 13 13 371 307 307 397 39T
J-n 2 4 8 16 32 64 12 256 512 1024 2048 4096

For easy writing, from now on, we drop the superscripts from the sequences, for example we write
P, for P,(l5)4

In this work, we investigate linear summation formulas of generalized Pentanacci numbers. Some
summing formulas of the Pell and Pell-Lucas numbers are well known and given in [6, 7], see also
[8]. For linear sums of Fibonacci, Tribonacci, Tetranacci, Pentanacci and Hexanacci numbers, see
[9,10], [11,12,13,14], [15,16], [17] and [18], respectively.

2 Linear Sum Formulas of Generalized Pentanacci Num-
bers with Positive Subscripts

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers
with positive subscripts.

Theorem 2.1. Forn > 0 we have the following formulas:

(a) (Sum of the generalized Pentanacci numbers) If r +s+t+u+v —1# 0 then

i W), = Wpts+(1—r)Wypya+ Q-1 —s)Wpiz+ (1 —r—s—t)Wyio+ (1 —-r—s—t—u)Wyt1 + K
E=0 k r+s+t+ut+v-—1

where
Ki=-Ws+(r—-DWs+(r+s—1)Wat+(r+s+t—1)Wi+(r+s+t+u—1)Wo.

) If(r—s+t—u+v+1)(r+s+t+u+v—1)#0 then

(1—=s—u)Wapqo+ (t+v+rs+ru)yWapyr + (t2 — u? 4 02 7t + rv — su + 2tv + u)Wa,

i Wor — +(v+ru — sv+ tu)Wap 1 + (1)2 + rv + tv)Way o + Ko

=0 2k (r+s+t+u+v—1)(r—s+t—u+v+1)
where
Ko = (s+u—1D)Wi—(t+v+rs+ru)We+ (> —s> +rv—su+rt+2s+u—1)Ws

+(sv — ru — tu — )Wy + (12 — s> + 2 —u® + 20t 4+ rv — 2su + tv + 25 + 2u — 1)Wp
and
(r+t+v)Wapio + sWapy1 + (=82 +t2 + 0% —u? + ro 4 rt — 2su + 2tv + w)Wan 41
+(Tu75t7sv+t+v)W2n+(7u2+v2+'rv75u+tv+u)W2n,1

n +(—sv —uv +v)Wap_o + K3

ST Wopyr =

Py (r—s+t—u+4+v+1)(r+s+t+ut+v—1)
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where

K3 = —(r+t+o)Wit(stutrt+ro+r> —1)Ws— (t+v+ru— st —sv)Ws
+(2s +u+2rt + 70— su+to+1° — 5> + 17 — 1)W1 + (sv + uv — v) W

(¢) Ifr+t+v#0As+u—1=0 then

i Wor — Want1 + (t+v)Wan + ulWopn—1 +vWap—2 — Wi +7Wo —uWi + (r +1)Wo
P 2 r+t+wv

and

i e _ Wango + (t +0)Wani1 + ulWan + vWan_1 — Wa + Wz — ulWa + (r + )Wy
P kL= r+t+ov '

Note that (c) is a special case of (b).

Proof.
(a) Using the recurrence relation

Wn = Tanl + SWn72 + th73 + UWn74 + an75

1.e.
1}an5 = Wn — ’I"anl — Sanz — th,3 — uWn,4
we obtain
UWQ = W5 — T‘W4 — SW3 — th — qu
’UW1 = W@ — TW5 — SW4 — th — UWQ
’UWQ = W7 — TW6 — SW5 — tW4 — qu
oWy = Wg—rWr — sWe —tWs —ulWy
WWhn_a = Wppr — Wy —sWy1 —tWh_o —uWp_3
WWihos = Whgo —rWigt — sWy, —tWa1 — uW, o
oWhoo = Whgs —17Whio — sWhpr —tW,, —uW, 1
oWhno1 = Whipa —rWpgs — sWygo — tWypip — uW,
’UWn = Wn+5 — TWn+4 — SWn+3 — th+2 — ’LLWn.H

If we add the equations by side by, we obtain

n n
VI W, = (Wigs + Waga + Wags +Wigo + Wigyg — Wa— Wy — Wa — Wy — Wo + > Wy)
k=0 k=0
"
—r(Wnia+Wnig+Wnio+ Wpiy — Ws — Wa — W1 — Wo + > Wy)
k=0

n
—s(Wnis+ Woio+ Wy — Wa — W1 — Wo + > Wy)
k=0
n n
—t(Wnga + Wit — W1 — Wo+ > Wi) — u(Wypy — Wo+ > W)
k=0 k=0

and then we get (a).
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(b) and (c) Using the recurrence relation

Wn - Tanl + SWn72 + th73 + UWn74 + anffx

i.e.
7"VVn—l = Wn - SWTL—Q - th—B - UWn_4 — ?)Wn_s
we obtain
TW3 = W4 — 8W2 — th — UWO — ’UW71
rWs = Wg—sWy—tW3s —uWs — oW
rWr = Ws—sWs —tWs —uWy —vWs
TWQ = W1o — SWs — tW7 — UWG — ’UW5
™Waon_1 = Way —sWap_o —tWap_3 —uWay_g4 —vWay_5
™Want1 = Wapgo — sWay —tWap1 — uWay_o —vWay_3
T™Wants = Wapga — sWanpo — tWopp1 — uWay, — vWap—1
™Wanys = Wanie — sWanta — tWaniz — uWanio — vWap 1.

Now, if we add the above equations by side by, we get

r(—Wi + Z Wokt1) = (Wapgo — Wo —Wo+ Z Wak)
k=0 k=0
—s(—Wo + Z Wag) — t(—Wany1 + Z Wak+1)
k=0 k=0

—u(—Wap + Z War) — v(—Wanq1 — Wap—1 + W_1 + Z Wak1).

k=0 k=0
Since
U t S r 1
Wor=—Wo— W1 —-Wa— —Ws+ -W,
v v v v v
we obtain
r(=W14 > Wapy1) = (Wapgo —Wo— Wo+ Y Way) (2.1)

k=0 k=0

n n n
—s(=Wo + > Wag) = t(—Wany1 + Y Wapp1) — u(—Wapn + Y Way)
k=0 k=0 k=0

u t s T 1 d
—v(—Wanq1 — Wap1 4+ (——Wo — —W1 — “Wa — —Wa + —Wy) + > Wapy1).
v v v v v k=0

Similarly, using the recurrence relation
Wn - ranl + SWn72 + th73 + Uanél + an75

ie.
TWn—l = Wn - SWTL—Q - th—d - UWn—4 - an—S
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we write the following obvious equations;

TWQ = W3 — SWl — tWo — uW,1 — UW72

TW4 = W5 — SW3 — th — qu — UWO

rWe = Wy —sWs —tWy —uWs —uvWs

rWs = Wy —sWy —tWg — uWs — oWy
rWan—2 = Wap_1—sWan—3 —tWan—g —uWan_5 — vWan_s

™Won = Wang1 — sWon—1 — tWap—o — uWay_3 — vWay_4

rWanyo = Wapgsz — sWopp1 —tWay —uWapn_1 —vWap_o
T Wonta = Wanys — sWapgs — tWapta — ulWanit1 — vWap.

Now, if we add the above equations by side by, we obtain

r(—=Wo + Z Wak) = (=Wi+ Z Wakt1) — s(—Want1 + Z Wak+1)

k=0 k=0 k=0

—t(—Wapn + Z Wak) — u(—Wapt1 — Wan—1 + W1 + Z Wak41)

k=0 k=0

—v(—Wan — Wan_o + W_o + Z Wag).

k=0
Since
U t s r 1
Wi = ——Wo—-W1—-Wo— W5+ -Wy
v v v v v
u, u t s r 1 t s r 1
Woo = ——(—=Wo—-Wi—-Wa— -Ws+ -Wys) = -Wo—-W1 — -Wa+ -W;
v v v v v v v v v
we have
T(=Wo+ D> Wap) = (=Wi+ > Wapyr) —s(=Wani1 + > Wargr) (2.2)

k=0 k=0 k=0

n
—t(—=Wapn + > Wap) — u(—Wapn g1 — Wan_1
k=0

u t s [ 1 n
F(—=Wo — —W1 — =Wy — —Wa + —Wy) + Y Wapy1) — v(—Wapn — Wap_o(2.3)
v v v v v k=0

u u t s T 1 t s s 1
+(*;(*;WO - ;Wl - ;W2 - ;WS + ;WAL) - ;WO - ;Wl - ;WQ + ;W(S)
+ > Wa).
k=0
Then, solving the system (2.1)-(2.2), the required result of (b) and (c) follow.

Taking r = s = ¢ = w = v = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 2.1. Ifr=s=t=wu=v =1 then for n > 0 we have the following formulas:

(@) Spo Wi =3Wnis — Ways — 2Wpio — 3Wiy1 — Wa + Wa + 2W5 + 3Wo).

(b) Sor_oWak = 2(—Want2+4Wani1+5Wan +2Wan—1+3Wan 2+ Wi —4Ws+3Wa —2W1 +5W0).
(€) Sr_oWaks1 = 2 (8Wany2+4Wani1+Wan +2Wan 1 — Wan 2 — 3Wa +4Ws — Wa +6W1 + Wo).
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From the above Proposition, we have the following Corollary which gives linear sum formulas of
Pentanacci numbers (take W,, = P, with Po =0,P1 =1,P, =1,P3s =2, Py =4).

Corollary 2.2. For n > 0, Pentanacci numbers have the following properties.
(@) Yr_oPe=3(Pats — Poys — 2Pny2 — 3Pny1 — 1).

(b) S7_o Por = &(—Pant2 +4Pans1 + 5P2p + 2P2n_1 + 3P2n_2 — 3).

() Yh_oPekt1 = 5(3Pant2 + 4Pant1 + Pon 4 2Pan 1 — Pan 2 + 1).

Taking W), = Q, with Qo =5,Q1 =1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we have
the following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 2.3. For n > 0, Pentanacci-Lucas numbers have the following properties.
(a) Xio @k = 1(Qnis — Quis — 2Qni2 — 3Qnt1 +5).

(b) Yh Q2 = £(—Qant2 +4Q2n 41 + 5Q2n + 2Q2n—1 + 3Q2n—2 + 19).

(c) Z::o Q2k+1 = §(3Q2n+2 4+ 4Q2n+1 + Q2n + 2Q2n-1 — Q2n—2 — 9).

Taking r = 2,s = ¢ = v = v = 1 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 2.2. If r=2,s=t=u=1v =1 then for n > 0 we have the following formulas:

(@) Yr oWk =t(Wnis — Wanya — 2Wiis — 3Wago — dWny1 — Wa + Ws + 2Wa + 3W3 + 4Wo).

(b) ZZ:O War = %(_W2n+2+6W2n+1+7W2n+3W2n—1+4W2n—2+W4_6W3+8W2_3W1+11W0)-
(C) EZ:O Waks1 = Tls(4W2n+2+6W2n+1+2W2n+3w2n—1_W2n—2_4W4+9W3_2W2+12W1+W0)-
From the last Proposition, we have the following Corollary which gives linear sum formulas of
fifth-order Pell numbers (take W,, = P, with Po =0,P1 =1, P, =2,P3 =5, P4 = 13).

Corollary 2.4. For n > 0, fifth-order Pell numbers have the following properties:

(a) ZZ:O Pk = %(Pn+5 — Pn+4 — 2Pn+3 — 3Pn+2 — 4Pn+1 — 1)

(b) i oPok = 15(—Pany2 + 6Pani1 + TPon + 3Pon—1 + 4Pay 2 — 4).

(c) >iioPory1 = %(4P2n+2 + 6P2ont1 + 2P2p + 3Pan—1 — Pan—2 + 1).

Taking W, = @, with Qo =5,Q1 =2,Q2 = 6,Q3 = 17, Q4 = 46 in the last Proposition, we have
the following Corollary which presents linear sum formulas of fifth-order Pell-Lucas numbers.

Corollary 2.5. Forn > 0, fifth-order Pell-Lucas numbers have the following properties:

(@) Yr 0@k = 1(Qnis — Qnia —2Qni3 — 3Qni2 — 4Qn i1 +9).
(®) > Qo = %(*szrz +6Q2n+1 + TQ2n + 3Q2n—1 + 4Q2n—2 + 41).
(€) YhoQ2rt1 = 15(4Q2n+2 + 6Qant1 + 2Q2n + 3Q2n—1 — Q2n—2 — 14).

Taking r =1,s =1,t = 1,u = 1,v = 2 in Theorem 2.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 2.3. Ifr=1,s=1,t =1,u = 1,v = 2 then for n > 0 we have the following formulas:

(@) Yr oWk =t(Wnys — Ways — 2Wnio — 3Wni1 — Wa + Wa + 2W1 + 3Wo).
(b) ZZ:() War = %(—W2n+2+5W2n+1+11W2n+2W2n—1+8W2n—2+W4—5W3+4W2—2W1+7W0).
(c) Yp_oWaryr = Tls(4W2n+2+10W2n+1+W2n+7W2nf1_2W2n72_4W4+5W3_W2+8W1+2WO)~
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Taking W,, = J,, with Jo =0,J1 = 1,J2 = 1,J3 = 1,J4 = 1 in the last Proposition, we have the
following Corollary which presents linear sum formulas of fifth-order Jacobsthal numbers.

Corollary 2.6. Forn > 0, fifth order Jacobsthal numbers have the following properties:
(@) Yr oJdk = t(Jnts — Jnts — 2Jns2 — 3Jni1 +2).

(b) >p g Jor = %(*Jmﬂ-z + 5J2n41 + 11J2n + 2J2n 1 + 8J2n—2 — 2).

(e) Yop_odori1= T15(4J2n+2 + 10J2nt1 + Jon + TJon—1 — 2J2n—2 + 8).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth
order Jacobsthal-Lucas numbers (take W, = j, with jo = 2,51 = 1,j2 = 5, j3 = 10, ju = 20).

Corollary 2.7. For n > 0, fifth order Jacobsthal-Lucas numbers have the following properties:
(@) Yr_odk = 20nts — Jnts — 2ns2 — 3jng1 — 7).

(b) ZZ:O Jok = Tls(—j2n+2 + 5j2n+1 + 11jon + 2jon—1 + 8jon—2 + 2).

(€) Sr_odortt = 1= (4jant2 + 10j2nt1 + jon + Tjan—1 — 2j2n—2 — 23).

3 Linear Sum Formulas of Generalized Pentanacci Num-
bers with Negative Subscripts

The following Theorem presents some linear summing formulas of generalized Pentanacci numbers
with negative subscripts.

Theorem 3.1. Forn > 1 we have the following formulas:

(a) (Sum of the generalized Pentanacci numbers with negative indices) If r +s+t+u+v—1#0,
then

Wenga+ (r=DOWepgz + (r+s = 1)Weopio +(r+s+t —1)W_pny1
iW B +r+s+t+u—1)W_, + Ky
Pt T r+s+t+utov—1

where
Ki=Wa+(1—-r)Ws+(1—-r—sWot+(1l—-r—s—t)Wi+(1—-r—s—t—u)W
) If(r—s+t—u+v+1)(r+s+t+u+v—1)#0 then
S (i T A oo SR

ﬁ:W _ tv(s+u—1)W_9,—1+ Ks
= 2k = (r—s+t—utv+1)(r+s+t+u+v—1)

where

Ks = (I1—s—u)Wa+(t+v+rs+ru)Wa+ (1 —2s—u—1>+5 —rt —rv+su)Ws
+(v+ru—sv+tu)W1+(1—25—2u—r2+s2—t2+u2—2rt—rv+25u—tv)Wo

and

(s +u—1D)W_opnis— (t+v+rs+ru)W_onio
+(2s+u+rt+rv—su+ r? —s? — DW_opnt1 — (v 4 ru—sv+tu)W_o,
= —v(r+t+v)W_on_1+ Ko
ZW721€+1 =
k=1

(r+s+t+utv—1)(r—s+t—ut+v+1)
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where

Ko = (r+t+o)Wat+1—s —u —1t —1rv —r)Wa+(t +v +ru — st — sv)Wa
+(1—u —25—2rt —1v +su —tv —1r° +5 —t2 Wi+ (v —sv —uv)Wo

(¢) Ifstu—1#0Ar+t+v=0 then

“W_onto —(t +v)W_opt1+(s —1)W_op —oW_2,_1+ Wa + (v+1)W3

iw B +(1—s)Wo +vWyp + (1 -5 —u)Wy

k—1 2k s+u—1

and

i W  Weoopgg —(t+0)Weoopnyo+ (s —1DW_opt1 —vWoo, + W3+ (¢ +0v)Wa + (1 — s)W1 +vWy
k=1 Tk stu—1 ’

Note that (c) is a special case of (b).

Proof.
(a) Using the recurrence relation

Wents =rWeonga +sW_ iz +tW_ o +uW_np1 +0W_,,

ie.
OW_p =W_nys —7W_nya — sW_pnis —tW_pnyo —uW_p4q
we obtain
oW_p = W_opnys —rW_pnia—sW_ i3 —tW_pio —uW_nia
oW_pnt1 = Wionge —rWeonis — sWopga —tW_ i3 —uW_ 10
UW_n+2 = W_n+7 - ”V‘W_n+6 - SW_n+5 - tW_n+4 - uW_n+3
oW = W_1—rW_o9—8sW_3—tW_4—uW_5
’UW75 = WO — rW,1 — SW72 — tW73 — ’U,W74
oWy = Wi —rWo—-—sW_1 —tW_o—uW_3
oW_z = Wo—rWiy —sWy—tW_1 —ulW_,
oW_e = Wi —rWy—sWi —tWy —uW_,
oW_1 = Wai—1rWs3—sWe —tW1 — uWp.

If we add the above equations by side by, we obtain
V(D W_g) = (-Weonga =Wz —Weopnyo —Wo i1 — W+ Wa+ Wa + Wo + W1+ Wo+ > W_y)
k=1 k=1

n
—r(—W_ng3 = Weongo —W_pni1 —W_op + Wa + Wa + W1+ Wo+ > W_y)
k=1

n
—s(-W_pg2 =W pni1 —W_pn+Wa+ Wi+ Wo+ > W_y)
k=1

n n
“t(=Wopng1 = Won + Wi+ Wo+ - Wog) —u(=W_pn +Wo + > W_y)
k=1 k=1

and then ve get (a).
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(b) and (c) Using the recurrence relation
W7n+5 - TW7n+4 + 5W7n+3 + tW7n+2 + UW7n+1 + van

1 U t ] r
= W_, = *W7n+5 — *W7n+1 — *W7n+2 — *anJrg — *W7n+4
v v v v v

ie.
UW—n+1 = W—n+5 - TW—n+4 - 5W—n+3 - tW—n+2 —oW_,
we obtain
uW_ont1 = Woonys —rmWeoonya — sWooni3 —tW_opni2 —vW_2,
uW_onts = Woonir —rmWoonye — sWonis —tW_2npa —vW_2n 42
uW_on1s = Woonio —1W_onys — sWoni7 —tW_2n16 —vW_2n44
uW_oni7 = Wioont11 —mW_oonyi0 — sW_anyo —tW_2n18 —9W_ 2,156
’LLW_5 = W_1 — TW_Q — SW_3 — tW_4 — UW_G
’LLW73 = W1 — TWO — SW71 — tW,g — UW74
’UJW71 = W3 — TWQ — SW1 — tW() — ’UW72.

If we add the above equations by side by, we get

n
U E W_2k+1
k=1

(—W_2n43 — W_opnt1 + W3 + W1 + Z W_ok+1) (3.1)
k=1

—r(—=W_onyo2 — W_on + Wo + Wa + Z W_ak)

k=1

—s(—W_opn41 + Wi + Z W_2k+1)
k=1

—t(~Woan + Wo + > Woog) —v(D>_ Woa).
1 k=1

k= —
Similarly, using the recurrence relation
Wents =rWepnga +sW_pis +tW_ o +uW_pp1 +0W_,,

ie.
UW7n+1 = W7n+5 — 7‘an+4 — SW77L+3 — tW7n+2 — vW,n

we obtain
uW_2n = W_onta —rW_oni3 —sW_onyo —tW_oni1 —0vW_2, 1
uW_onio = Wioonye —rWeoonys — sW_onia —tW_onyz —vW_onp1
UW—2n+4 = W—2n+8 - TW—2n+7 - SW—2n+6 - tW—2n+5 - ’UW—2n+3
uW_onye = W_onyi0 —mWe_ontg —sW_onis —tW_oni7 —vW_onis

’LLW78 = W74 — rW,5 — 8W76 — tW77 — UW79

uW_eg = W_o—rW_3g—sW_y4—tW_5—0vW_»
uW_y = Wo—rW_1—sW_g—tW_3—vW_s
uW_o = Wo—rWiy —sWy —tW_1 —ovW_3s.

10
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If we add the above equations by side by, we get

UZ W_or = (—W_oopgo — W_ogn + Wa + Wy + Z W_2k)
k=1

k=1

—r(—W_zn1 + W1 + Z W_oks1) — s(—W_on + Wo + Z W_ak)
k=1 k=1

*t(z W_agt1) —v(Weogn—1 — W_1 + Z W_agt1).
k=1 k=1
Since ; 1
“EWo — ZWi - ZWe — Sy + ~ Wy
v v v v v
it follows that

k2 k2 k2
u 3 W_op = (—Weogpjo—Woop+WatWot 3 W_op) —r(-W_gni1 + Wi+ 3 Wogpyq) (3.2)
k=1 k=1 k=1

n
—s(=W_op + Wo + 3 W_og)
k=1
n

u t s r 1
—t( 3 W_opq1) —v(W_gp_1 —(=—Wo — =Wy — =Wy — —W3 + —Wy)
1 v v v v v

o

+

=
I1™Ms
A

W_2k41)-
Then, solving system (3.1)-(3.2) the required result of (b) and (c) follow.

Taking r = s =t = u = v = 1 in Theorem 3.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.1. Ifr=s=t=wu=v =1 then for n > 1 we have the following formulas:

(a) X W= i(—an+4 + W_go +2W_ i1 +3W_,, + Wy — Wo — 2W; — 3W).
(b) >y Woak = é(_3Wf2n+3 + AW _onyo —W_opi1 +6W_op + W_op_1 — Wy +4W3 — 3Ws +

oW, — 5Wo).
(€) Yro i Weoky1 = s(Woanis =AW on10+3W_ony1 —2W_on —3W 2,1 +3Wa — 4Ws + Wa —
6W1 — Wo).

From the above Proposition, we have the following Corollary which gives linear sum formulas of
Pentanacci numbers (take W, = P, with Po =0,P1 =1,P, =1,P3 =2, P4 =4).

Corollary 3.2. For n > 1, Pentanacci numbers have the following properties.
(a) 22:1 P = % —P_pya+ P_pio+2P i1 +3P_, +1).

(
(b) Yp i Por= é(_3P—2n+3 +4P _oni2 — P ony1 +6P_on + P_on_1+ 3).
(c) >r i Pooky1 = %(P—2n+3 —4P_9p42 4+ 3P_op41 —2P_9, —3P_2p—1 — 1)

Taking W,, = Q,, with Qo =5,Q1 = 1,Q2 = 3,Q3 = 7,Q4 = 15 in the above Proposition, we have
the following Corollary which presents linear sum formulas of Pentanacci-Lucas numbers.

Corollary 3.3. For n > 1, Pentanacci-Lucas numbers have the following properties.
(@) Yhoy Qi = (—Q-n+a + Qont2 +2Q_n+1 +3Q—n — 5).

(b) >, Q-2= é(_3Q72n+3 +4Q -2nt+2 — Q—2n11 + 6Q_2, + Q—2,—1 — 19).

() Yp i Q-2k41= %(Q72n+3 —4Q -2n+2 +3Q—2n+1 — 2Q—2n — 3Q—2n-1 +9)

11
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Taking r = 2,s =t = u = v = 1 in Theorem 3.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.2. Ifr =2,s =t =wu =wv =1 then for n > 1 we have the following formulas:

(a) 22:1 W_r = %(_W—n+4+W—n+3+2W—n+2+3W—n+1+4w—n+w4_w3_2w2_3W1_4W0)-
(b) >h Wk = % (=AW _2n43+IW_onto —2W_opy1 +12W_ o, + W_op—1 — Wa+6W35 —8Wo +

3Wy — 11Wo).
(c) S i Woapqr = Tlg)(Wf2n+3 —6W_ont2+8W_opy1 —3W_on —4W_op 1 +4W4s —9W3 +2W5 —
12W; — Wo).

From the last Proposition, we have the following Corollary which gives linear sum formulas of
fifth-order Pell numbers (take W,, = P, with Po =0,P1 = 1,P>, =2,P3 =5, P4 = 13).

Corollary 3.4. For n > 1, fifth-order Pell numbers have the following properties:

(@) Yh Pk =2(—Popya+Ponyz+2P nio+3P ny1 +4P, +1).

(b) > Pox= %5(_4P72n+3 + 9P _ony2 —2P_9p41 + 12P 95 + P91 + 4).

() Yp i Poory1= %(P72n+3 —6P_opnt2+8P_9n41 —3P_2p —4P 9,1 — 1).

Taking W,, = @, with Qo = 5,Q1 = 2,Q2 = 6,Q3 = 17,Q4 = 46 in the last Proposition, we have
the following Corollary which presents linear sum formulas of fifth-order Pell-Lucas numbers.

Corollary 3.5. For n > 1, fifth-order Pell-Lucas numbers have the following properties:

(@) o1 Q-k = 5(-Q-n+a + Qont3 +2Qn+2 +3Q—n+1 +4Q—n — 9).

(b) Yh i Qok = 15 (—4Q 2043+ 9Q 2042 — 2Q 2n11 + 12Q 20 + Q_2n—1 — 41).

() Y r ,Q-2k41 = %5(@727&3 —6Q—2n+2 +8Q—2n11 — 3Q—2n —4Q_2n—1 + 14).

Taking r = s =t = 1,u = 1,v = 2 in Theorem 3.1 (a) and (b) (or (c)), we obtain the following
Proposition.

Proposition 3.3. Ifr=s=t=1,u=1,v =2 then for n > 1 we have the following formulas:

(@) Yr  Wek=(-Wenga+ Wopngo +2Wo g1 + 3Wop + Wy — Wa — 2W1 — 3Wo)
(b) > Woak = % (=AW _2ny3+5W_onio—W_oni1 +8W_on +2W_2p_1 — Wa+5W3 —4Ws +

W) — TWo)
() i Woopy1 = T15(W72n+3 —S5W_ onyo+4W_opi1 —2W_2, —8W_2y 1 +4W4 —5W3 4+ Wo —
B, — 2W0)

Taking W,, = J,, with Jo =0,J;1 = 1,J2 = 1,J3 = 1,J4 = 1 in the last Proposition, we have the
following Corollary which presents linear sum formulas of fifth-order Jacobsthal numbers.

Corollary 3.6. Forn > 1, fifth order Jacobsthal numbers have the following properties:
(a) ZZ:I Jfk = %(_J7n+4 + J7n+2 + 2J7n+1 + '?)an - 2)

(b) Yi o= %(_4J72n+3 +5J any2 — Joont1 + 8J 20 +2J_2n—1 + 2).

(c) >h i J-2k41 = %(J—2n+3 —5J_ont+2 +4J_2n+1 — 2J_2n — 8J_2p—1 — 8).

From the last Proposition, we have the following Corollary which gives linear sum formulas of fifth
order Jacobsthal-Lucas numbers (take W,, = j, with jo = 2,51 =1, j2 = 5, j3 = 10, ja = 20).

Corollary 3.7. Forn > 1, fifth order Jacobsthal-Lucas numbers have the following properties:

(@) Yohoii-k=t(—jonta+j-nt2+2j-nt1+3j-n+7).
(b) Y i ij-ax= %5(_4].72714»3 + 5J—2n+2 — J—2nt1 + 8j—2n + 2j—2n—1 — 2).
() Yp_ij-2ks1= Tlf,(jfzn+3 —5J—ont2 +4J_2n+1 — 2j—2n — 8J—2n—1 + 23).
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4 Conclusion

Recently, there have been so many studies of the sequences of numbers in the literature and the
sequences of numbers were widely used in many research areas, such as architecture, nature, art,
physics and engineering. In this work, linear sum identities were proved. The method used in
this paper can be used for the other linear recurrence sequences, too. We have written linear sum
identities in terms of the generalized Pentanacci sequence, and then we have presented the formulas
as special cases the corresponding identity for the Pentanacci, Pentanacci-Lucas, fifth order Pell,
fiftth order Pell-Lucas, fifth order Jacobsthal and fifth order Jacobsthal-Lucas sequences. All the
listed identities in the corollaries may be proved by induction, but that method of proof gives no
clue about their discovery. We give the proofs to indicate how these identities, in general, were
discovered.

We can summarize the sections as follows:

e In section 1, we present some background about generalized Pentanacci numbers.

e In section 2, linear summation formulas have been presented for generalized Pentanacci
numbers with positive subscripts. As special cases, linear summation formulas of Pentanacci,
Pentanacci-Lucas, fifth order Pell, fifth order Pell-Lucas, fifth order Jacobsthal and fifth order
Jacobsthal-Lucas numbers with positive subscripts have been given.

e In section 3, linear summation formulas have been presented for generalized Pentanacci
numbers with negative subscripts. As special cases, linear summation formulas of Pentanacci,
Pentanacci-Lucas, fifth order Pell, fifth order Pell-Lucas, fifth order Jacobsthal and fifth order
Jacobsthal-Lucas numbers with negative subscripts have been given.
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