Journal of Advances in Mathematics and Computer Science

Volume 38, Issue 7, Page 47-66, 2023; Article no.JAMCS.98614
. < ISSN: 2456-9968
- (Past name: British Journal of Mathematics & Computer Science, Past ISSN: 2231-0851)

Application on a Factor Derived from
Hilbert and Carleson Measure on Hardy
Spaces

Amani Elseid Abuzeid

& Department of Mathematics, College of Aldaier, Jazan University, Saudi Arabia.
Author’s contribution
The sole author designed, analysed, interpreted and prepared the manuscript.

Article Information

DOI: 10.9734/JAMCS/2023/v38i71771

Open Peer Review History:

This journal follows the Advanced Open Peer Review policy. Identity of the Reviewers, Editor(s) and additional Reviewers, peer review
comments, different versions of the manuscript, comments of the editors, etc are available here:
https://www.sdiarticle5.com/review-history/98614

Received: 10/02/2023

Accepted: 12/04/2023

| Original Research Article Published: 22/04/2023
Abstract
For u; to a positive Borel measure on the interval [0,1). The Hankel matrix .‘HH]. = ((Mj)n'k)jnk>0 with

entries (U)nk = (U;)n+k, Where (i), = f[0,1) t"dpu;(t), the operator is formally induced

> DI () = iiz ((aneae) (0 + D"
J

n=0k=0 j
in the space of each analytical function f;(z) = Y-, axz, in the unit disc D. We classify positive Borel
measures on [0, 1) as such D?—[Hj(fj)(z) = o) %duj(t) for all in Hardy spaces H'*€(0 < € < o),

and we describe those for which Dj{u,— is a bounded* operator from H1*€(0 < € < o) into H'*%¢(¢ > 0).
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1 Introduction

For u; be a positive Borel measure on the interval [0,1). The Hankel matrix }[Hj = ((“J')"»k)n,k o with entries

=

U = (s Where (i) = [ o, t"dp; (1), for analytic functions f;(z) = Xioa, 2", the generalized
Hilbert operator define as

Z W (@) = Z iz (), |2 (1)
n=0 \k=0 j

When the right side is logical and defines an analytical function in D.

In recent decades, the generalized Hilbert operator ﬂ-[#]. which is induced by the Hankel matrix }(Mj has been

studied extensively [1-5]. Galanopoulos and Peldez [6], characterized the Borel measure u; for which the
Hankel operator Hy, is a bounded operator on H'. Then Chatzifountas, Girela, and Pelaez [7] extended this with

Hardy spaces H1*¢ Wlth 0 < e < oo.In [8], Girela and Merchan studied factorization that operates on certain
fixed areas of analytic functions on disk, we follow S. Ye and G. Feng [9].

In 2021, Ye and Zhou [10] firstly used the Hankel matrix defined and the Derivative-Hilbert operator D}[ﬂj as

[oe] (o0}

> pH, (@ =) | D e |+ D
j j

n=0 \k=0

Another generalized Hilbert-integral operator related to 2)}[#1. denoted by 7(#,-)”5((1 + €) € N1)is defined by

Z T ee (F)(@) = fm)z Ly

whenever the right Hanright-Handes sense and defines an analytic functions in D. We can easily see that the
case € = 0 is the integral representation of the generalized Hilbert operator. Ye and Zhou characterized the
measure p; for which 7(u;), and D:I-[“]. are bounded on Bloch space [10] and Bergman spaces [11].

We consider the operators

DFHy Iy, Ht€ - H172€ 0 <e < o0, €>0.
DH,, Ty, HH > Bie, 0 < 1.

The aim is to study the boundedness of J(Hj)z and D?-[M]_.

We characterize the positive Borel measures p; for which the operator which Twp. and D}[”}. is well defined in
the Hardy spaces H*¢. Then we give the necessary and sufficient conditions such that operator DIHHJ. is

bounded from the Hardy space H1*€(0 < € < o) into the space H*2¢(e > 0), or from H**¢(0 < ¢ < 1) into
Bi_(0 < e < 1) (see [9]).

2 Notation and Preliminaries
For D denote the open unit disk of the complex plane, and let H(ID) denote the set of all analytic functions in D.

If0 <e <1landf; € H(D), we set
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1
1+e€

1 2 ] E
Y t(-en)=( 5[ 3 In(a-ae) ) Lose<
j 0 7

M,(1—¢f)= : .
Z A-ef) |z?31p-eZ @)

For 0 < e < oo, the Hardy space H'*€ consists of those f; € H(ID) such that

def
I Z fj lyi+e = sup My e(1 =€, fj) < co.
J

0<e<1
J

We refer to [12] for the notation and results regarded Hardy spaces.

For 0 < e <1, we let B;_, [13] denote the space consisting of those f; € H(ID) for which

Z £l = folz e M (16 f)d(1—€) < o,
Bi_e¢ J

j

The Banach space B, _, is the "containing Banach space" of H'7¢, that is, H ¢ is a dense subspace of B, _,, and
the two spaces have the same continuous linear functionals. (We mention [13] as general references for the B;_,
spaces.)

The space BMOA consists of those functions f; € H* whose boundary values limit the mean oscillation on 9D
as defined by John and Niirenberg. There are many characterizations of BMOA functions. We mention the
following (see [9]).

For ¢,(2) = f_;azz be a Mobius transformations. If f; is an analytic function in D, then f; € BMOA if and only if
def
Z f o Z |f]-(0)|+z I £ 1< oo,
J BMOA J J
Where

DA s e ge -~ @I,
J J

*

The seminorm || ||, is conformally invariant. If

lal—-1

lim > lfy o 9 = fi(@ll, = 0,
J
then we say that f; belongs to the space VMOA (function analytic for vanishing mean oscillation). We refer to 8
for the theory of BMOA functions.
We recall that a functions f; € H(ID) is said to be a Bloch function if

IR DO SIS
j J

J B
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The space of all Bloch functions is denoted by B. The classic reference for Bloch's functions theory is [3, 14].
The relationship between these spaces which we gave above is well known,

H® & BMOA & B, BMOA & ﬂ H1te,

0<e<o

Let us recall the knowledge of the Carleson measure, which is a very useful tool in the study of Banach spaces
of analytic functions. For 0 < € < o, a positive Borel measure p; on D will be called an (1 + €)-Carleson
measure if there exists a positive constant C such that

wi(SD) < ClIjt*e.
The Carleson square S(I) is defined as

_f,= 0. 4i0 Il
SI)=1z=(1—-¢€)e":e eI;l—Esl—esl.

where I is an interval of oD, |I| denotes the length of I. If yu; satisfies lim|,|_,o% =0, we call u;is a
vanishing (1 + €)-Carleson measure.

For u; be a positive Borel measure on ID. For 0 < e < oo we say that u; is (1 + €)-logarithmic (1 +¢)-
Carleson measure, if there exists a positive constant C such that

k() (10g 27)

|1|1+€

<CI coD.

1+€
If 1, (S(1) (log ) = 0(1]"*<), as |I| - 0, we say that 4; is vanishing (1 + €) -logarithmic (1 + ) -
Carleson measure [15, 11].

Suppose ; is a (1 + €)-Carleson measure on ID, we show that the identity mapping i is well defined from Hite
into L'~¢(D, u;). Let V' (u;) be the norm of i. For 0 < e < 1, let

Ad(1j)1-(2) = X1—e<)zj<1 (D) dp;(L).
Then y; is a vanishing (1 + €)-Carleson measure if and only if
N((j)1—e) 0 as 1—€e—>1". (2)

A positive Borel measure on [0,1) also can be seen as a Borel measure on D by identifying it with the measure
u; defined by

a5 = w(E[ ) [0,0).

for any Borel subset E of . Then a positive Borel measure u; on [0,1) can be seen as a (1 + €)-Carleson
measure on D, if

ui([t, 1)) < CA -t 0<t<1.

Also, we have similar statements for vanishing (1 + €)-Carleson measures, (1 + €) -logarithmic (1 +¢€)-
Carleson and vanishing (1 + €)-logarithmic (1 + €)-Carleson measures.

50



Abuzeid; J. Adv. Math. Com. Sci., vol. 38, no. 7, pp. 47-66, 2023; Article no.JAMCS.98614
As usual, during this paper, C refers to a positive constant that depends only on the displayed parameters but is
not necessarily the same from case to case, for any given € > 0,% will denote the conjugate index of 1 + ¢,

that is, e = 0 (see [9]).

3 Terms such as D, are Well Defined in Solid Spaces

We obtain the sufficient condition such this?.):i-[ﬂj are well-defined in H1*€(0 < € < ) and obtain that
DJ—[#].(fj) = 7(#].)2(]‘]-), for all f; € H'*€, with the certain condition (see [9]).

We show recall two results about the coefficients of functions in Hardy spaces.

Lemma 3.1. [9], [12, p.98] If
fi(2) = Z a,z" €EH'7E, 0<e< 1,
n=0

Then

And

2—€
lan| < Cni=€||f; lla-e

Lemma 3.2. [9], [12, p.95] If
fi(2) = z a,z" EH*€,0<e<?2,
n=0

then ¥'n~¢|a, |?~¢ < o and
1

* €
{Z (n+ 1)‘€|an|2_€} < CZ I fi 1728
n=0 j

Theorem 3.3. Suppose 0 < € < o and let u; be a positive Borel measure on [0,1). Then the power series in (1)
defines a well-defined analytic function in D for every f; € H*€ in any of the two following cases (see [9]).

(a) The measure u; is ai-Carleson measure, if 0 < e < 1.
(b) The measure ; is a 1-Carleson measure, if 0 < € < oo.

Furthermore, in such cases, we have that
_ £ ® _
Z D26, (1) = | )Z TL o —Z 1), () @. ©

Proof First recall a well-known result of Hastings [16]: For 0 < € < oo, u; is a11+—+2;—CarIeson measure if and
only if there exists a positive constant C such that
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1
1+2€

f Z Oy < CZ I £ llyrve, forall f; € HY¥e, (4)
[0.1) -

(2) Suppose that 0 < e < 1 and u; isa i—CarIeson measure. Then (4) gives
f Z |f](t)|dﬂ](t)<Cz Ifj ly1-e, forall f; € H'™€.
[0,1)

Fix f;(z) = Yizoarz" € H' € and z with |z| <1 —¢,0 < e < 1. It follows that

@1 1 | |
'1;01)2 |1 —tz|? dp; () SEZJ[OJ)Z |f;(©)|du;(t)
1
SCE—ZZ I F e,
j

fi@®
[0,1) (1-tz)2

V()2 = O,
Z ‘{](Hl)z(fj)(z) j[O,l)Z (1—tZ)2 d,u](t)

=Z (n+1) fMZ EF (O dp; (1) | 2"

Take fj(2) = Xi= 04, z® € H'€. Since U |s —Carleson measure, by [7] Proposition 1 and Lemma 3.1, we
have that there exists C > 0 such that

Z |Gl = Z |Gl < ——

(k + 1)T<
lax| < C(k + 1)1—6 for all n, k.

This implies that the integral [ du;(t) uniformly converges and that

)

Then it follows that, for every n,

(n+1)zz |Gadmellan <C(n+1)z =G +1)ZM

o(k+1)1e =0 (k+1)1-€

a1€k+116
<C(n+1)zlk| ( )
k=0 (k+1)16

—C(n+ 1)2 (k + 1)~(*9) g, |1
k=0

and then by Lemma 3.2, we deduce that

<"+1>Z Z |4t 1< C(n+1)z I £ e,
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This implies that DHy, is a well defined for all z € D and that

= i (n+ 1)]{ )Z £ F(6)dp; (62" (6)
n=0 017

_ IO
- f[m)z T oy )

This give that Y.; DH,,(fj) = X, I, (F)-

(b) When 0 < e < oo, since u; is a 1-Carleson measure, (4) holds, then the argument used in the proof of (a)
gives that, for every f; € Hte, I(#j)2 is well defined analytic function in D and we have (5).

And since u; is 1-Carleson measure by Theorem 3 in [7], we know

(n+ 1)2 Z (‘uj)n,kak =Mn+1) f[o 1)2 t"f; () du; (),
k=0 j g

which implies that DJ{”J. is a well defined for all z € D, and @}[ﬂj(fj) = 7(#1.)2(]3-) (see [9]).

4 Boundedness of DI, Acting on Hardy Spaces

We mainly characterize those measures y; for which DHy, is a bounded (resp., compact) operator from H*€
into H**2€ for some 1 + € and 1 + 2e.

Theorem 4.1. [9] Suppose 0 < e <1 and let u; be a positive Borel measure on [0,1) which satisfies the
condition in Theorem 3.3.

(@) If e >0, then D}[ﬂj is a bounded operator from H'~¢ into H'*€ if and only if y; is a (
Carleson measure.

(b) If € = 0, then DH,, is a bounded operator from H'~€ into H' if and only if u; is a (i—:) Carleson measure.

E+(1—6)(1+26))
e(1—-e€)

—€

(c) If 0 < e < 1,then D:I-[“]. is a bounded operator from H'~¢ into B, _. if and only if ujis a (i)—Carleson
measure.

Proof. Suppose 0 < e < 1. Since y; satisfies the condition in Theorem 3.3, as in the proof of Theorem 3.3, we
obtain that
f Z If;(2)|du;(t) < oo, forall f; € H'~¢

[01) J

Hence, it follows that
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21 fj(t)gj(eie)
J; fo.nz |(1 — (1 —€)ei?t)? du;(t)do
1 21 '
<y 2 OISO [ las(e et .
< Z | g} ”H1 < oo, 0<e< 1' f} € Hl—e, g] € Hl_

j

Using Theorem 3.3, (7) and Fubini's theorem, and Cauchy's integral representation of H?*, we obtain

am ; ; _ mdﬂj(t) ;
el 2. PG00 =5, fMZ(l_(l_E)e_mt)z g, (c)ds

gj(eze) i o
j[o 1) z |eze|=1 (el — (1 — e)t)? de"du;(t)

—j Z f(O(g;((1 —et)1 - e)t) du;(t)
Tl 5

1 —
= ﬁf[o.mz (0 (gj((l —et)+ (1 -etgj((1- e)t)) dy; (D), ®)
0<e<l, ijHl‘f, ngHl.

1+€

(a) First consider e > 0. Using (8) and the duality theorem [12] for H*€ which says that (H1*€)* = H™e and
1+e\ *
(HT) = H*¢(e > 0), under the Cauchy pairing
1 (%" S . 1+e
Z < fpng;>= ﬂf Z f]-(elg)gj(elg)de, fi € H'*¢,g; e H e . 9
7 0
We obtain that DJ—[ is a bounded operator from H1*€ into H1*€ if and only if there exists a positive constant C
such that

1+€

f Z F®(g;®) + tg;(®))du;(t) SCZ I f Ngeell g; I 1ve,  f; € H'*E,g; € H e . (10)
[0,1) j 7 H €

Assume that DJ—[ is a bounded operator from H*€ into H*¢. Take the families of text functions

[ 1-a? Tie [ 1-a? Tre

(1 - az)? (1— az)?

1+€
A calculation shows that {(fj),} ¢ H**¢,{(g;)o} € H < and

sup |l fj llyi+e< coand sup | g; || 1+€< 0,
a€l0,1) a€lo0,1)
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It follows that

a€lo0,1)

© >Csup >l fjllye sup Y gyl e
a€l0,1) 7 H €

> f[ )Z ), ((9),0 + (5,0 di; ®
./ . - (11

L3 ) () s e
2 ﬁz #j(la, 1)

This is equivalent to saying that u; is a (1 + €)-Carleson measure. On the other hand, suppose y; is a (1 + €)-

1+€
Carleson measure, it is well known that any functions g; € H e [12] has the property
Zj II 9gj Il 1+e
Z 9;(@)| < c——1< (12)
7 (1 —|z])1+e
By the Cauchy formula, we can obtain that
I gj | 1+e

Z 952 < cz — (13)

(1 —|z])T+e

Let dv(t) = Wd,u, (t). Using Lemma 3.2 of [17], we obtain that v is an ——Carleson
(1-t) 1+e

This together with (12) and (13) we obtain that

1 t
[, D TOE0 +g)im®| S ot e [ UHON e g |y
[0,1) (1 —t)i+e (1-t)T+e
C Il || 14e i d
< Z gl | 10
< Cz 1.9) 1 ssell £ e, g € He f € Hi*e, (14)

Hence (10) holds and then 7_)7-[ is a bounded operator from H1*€ into H*€,

(b) We shall use Fefferman's duality theorem, which says that (H')* = BMOA and (VMOA)* = H?, under the
Cauchy pairing

Z <fjg;>= ) lér_r)l1 E Z (1 - e)ele)gj(ele)de f; €H,
j
gj € BMOA(resp VMOA). (15)

Using the duality theorem and (8) it follows that 7_)7-[ is a bounded operator from H*€ into H* if and only if
there exists a positive constant C such that
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f[ 2, 0 (9, =00 + 1= g (@ = 90) Ay <€ ), 1y el g Nowon
0,1 7 -

(16)
0<e<1, feHY™, g, €VMOA.
Suppose that D, . is a bounded operator from H*€ into H'. Take the families of text functions
1
1—a? \l+e e
(Fa(2) = (m) » (gj)a(2) =log T——, 0<a <1
A calculation shows that {(f;),} € H**¢,{(g;)a} € VMOA and
sup Z Il f; ly1+e< o0 and sup Il g; lpmoa< o
a€f0,1) &~ a€[o,1)
We let 1 — € € [a, 1), and obtain
o > C( sup Il f; lla+e sup Il g; lzmoa
a€l0,1) 7 a€l0,1)
> f[o , Z ). © ((gj)a(u —0)t) + (1 - ot(g) (A - E)t)) du; ()
g
1 (17)
>J‘ Z 1—a? \1+e 1 e N a(l—e)t (0
" (1—at) Ogl—a(l—e)t 1—a(l-e)t Ki

>——— ) wi(la, D)
(1—a2)1+eZ !

This is equivalent to saying that y; is a ( ) Carleson measure.

On the other hand, suppose y; is a( ) Carleson measure. It is well known that any functions g; € B [14] has
the property

Z 9;(2)

J

I ||
CE ‘g’ B forallz € D. (18)

Z%()

Let dv(t) = %_tdyj(t), then v is an %E—Carleson. Using (16), (18) and BMOA c B, Theorem 5.2 in [18], we
obtain that

e
< CZ Il gj "B 10g 1——|Z|’ and
Jj

f[ 2 061 =00+ (1 = g (1 = 0)duy©
0,1 I

<C> gl f 15O (tog— + ) diy @)
7 0

scz I g; ||BMOAJ[ )Iﬁ(t)ldv(t) (19)
7 0,1

< CZ 1 g Ugmoall f; lyrve, f; € H*E, g; € VMOA.
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Hence (16) holds and then DHy,; is a bounded operator from H*€ into H?.

(c) If 0 < e < 1. Now we recall Theorem 10 in [13] that B;_, they can be identified with the duplication of a
particular subspace X of H* under the pairing

z <fpgj>= lim_ an Z f((1—e)e?)g;(e®)ds, f; € Bi_c, g; € X. (20)
J
This together with (8) and (20), we obtain that 7_)7-[“]. is a bounded operator from H'~€ into B,_, if and only if

there exists a positive constant C such that

f[ )Z T@(g,( = 90 + (1= Atgy((1 = OOy O| S € D' fy hyreell gy Iy, 0< <1,
0,1 > n
: feH"™,  g;€H™. : (21)

Suppose that D}[#j is a bounded operator from H'~€ into B, _,, take the text function families

2 2

1
1—a? \I-€ 1-a*
(Fa(2) = A=ao? » (9a(@) =7, 0<a<1
A calculation shows that {(f;),} ¢ H*¢,{(g;)s} € H* and
sup Z Il fj llg1-e< oo and sup Il gj llgeo< 0.
a€l0,1) &= a€l0,1) 7

Welet1l — € € [a, 1), obtain

0 > ( sup I £ Npya-e sup I g; e
a€lo0,1)

> fm) Z (Fa(®) ((gj)a((l —et)+(1- e)t(g,-);((1 - E)t)) dp; ()
1 (22)
1—a? \1-€ 1 —q? art (1 _ aZ) .
f[a 1) z ((1 — at)? ) ((1 —a(l-— e)t)> + <(1 “a(l= e)t)z) i (t)

e, wla D)
(1 - a2)1 €

This is equivalent to saying that u; is a ( ) Carleson measure.

On the other hand, assume y; is a( ) Carleson measure, then dv(t) = —td,uj(t) as an i—Carleson. Then
we have that

‘ f[ )Z f®(g;((1 = e)t) + (1 - O)tg;(1 — )1))d; (1)
0,1 7
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< Cz Il gj llge f[o , If;i (Ol <1 +%) dp;(t)
]. .

<c> Ng I f[ RUICILIO @3)
j 0,1

<CY gy gl fy e, f; € H™C, g; € HO
Jj

Hence (21) holds and then DHy, is a bounded operator from H*~€ into B, _..

Next, we will consider 0 < e < oo, giving the sufficient condition and the other necessary condition for the
restriction D3, from H*€ into H*2€ respectively.

We give Lemma 4.2 which is useful when we proof of the Theorem 4.3.

Lemma 4.2. Let u; be a positive measure on [0,1) and € = 0. If y; is a (2 + 2¢)-Carleson measure, then

1
—————du;(t) < oo,
J;OJ)Z (1—o)l+e 1 ()

The result is obvious, we omit the details (see [9]).

Theorem 4.3. Let 0 < e < oo and p; be a positive Borel measure on [0,1) which satisfies the condition in
Theorem 3.3,

. (1+2€)+(1+€)(242¢€)
@If pjis a ( (1+e)(1+2€)
from H'*€ into H1+2€,

(b) If DF,,; is a bounded operator from H'*€ into H'*2¢, then y; is a (

+1+ e)-CarIeson measure for any € > 0, then D}[ﬂj is a bounded operator

(1+2€)+(1+€)(2+2€)

)-Carleson measure.
(1+€e)(1+2¢)

(1+2€)+(1+€)(2+2¢€)

1 .
reaize) +1+ e) -Carleson measure. Let dv(t) = 1—_tduj(t), then v is a

Proof. Suppose y; is a (

(L(Z“) +1+ e)—CarIeson. And set € = 0, the conjugate exponent of 1+e€iss’' =1+ 2€0%9) and — +
(1+€)(1+2€) 1+2€ 1+€
11‘; =1= 1226 Then by Theorem 9.4 in [12], H'*€ is continuously embedded in L1*€(dv), that is,
1
T+e
f Z O eav) | < CZ I £, Nyase, f; € H', 24)
[0 %5 7
and, by Lemma 4.2,
1
s
1 1+2€
f[ ——rav(t) | <o gj € H 2¢. (25)

01 (1 — t)T+ze

Using Holder's inequality with exponents 1 + € and s’, (24) and (25), we obtain that
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£(0) 1
fmz F®(g;®) + tg;(©))du;(®) SCZ Ilg; "H%f IO — = duj(t)zcz

[0,1) (1 —t)1+2e

1
g Lfo IO ——z2 | v®
H 2¢ Jp,1) (1 —t)1+2e

“m

1

T+e 1
<cY gl ( f m(t)P“dv(t)) f e du(D)
- H 2€ [0,1)

0D (1 — t)T+ze

1+2€
< Cz I gj Il ss2ell fj llyive, f; € H*E, g; € H 26 . (26)
- H 2€

Hence, (10) holds and then it follows that DF{,,, is a bounded operator from H*€ into H1t2€,

Conversely, if D, . is a bounded operator from H*€ into H'*2€, then u; is a (w
Hj J (1+€)(1+2¢€)

measure. The evidence is the same as that of Theorem 4.1(a). We omit the details here (see [9]).

) Carleson

We also find DJ{ in H1*€(0 < e < 1) have a better conclusion.

Theorem 4.4. Let 0 <e < 1and yu; be a positive Borel measure on [0,1) which satisfies the condition in
Theorem 3.3. Then Dﬂ-[“j is a bounded operator in H*€ if and only if u; is a 2-Carleson measure.

Proof Firstly, if e = 0, by Theorem 4.1 we obtain that 737‘%- is a bounded operator in H* if and only if 4; is a 2-
Carleson measure.

If e =1, by Theorem 4.3 we only need to show that if u; is a 2 -Carleson measure then DHy, is a bounded
operator in H?.

Since f;(z) = Xi- 0@, z® € H?, we have || f ”H2— Y=o lagl?, and when p; is a 2-Carleson measure, we have

C
| nie] = |W)nsr] < CEV TS (27)

By using classical Hilbert inequality, (1), and (27), we obtain that

[oe] (oo} 2 (oo} lee]
D 2 ) GRS DY) W = R (Y Y (H S A
j n=0 k=0 j j

n=0 k=0
© e ad Y
SCZ@“)( )
jal )
SCZ( (n+k+1)>
scz > = C ) I . (28)
k=0 j

Thus D}[ is a bounded operator in HZ. Finally, we shall use complex interpolation to present our results. We
know that
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H'*€ = (H%, HY),, if0<e<1landf = 1. 29
6

Using (29) and [19, Theorem 2.4], it follows that DHy, is a bounded operator in H*¢(0 < e < 1).

Conjecture 4.6. We conjecture that if y; is a 2-Carleson measure then Dﬂ-[”j is a bounded operator in H2*€ for
all 0 < e < oo (see [9]).

5 Compactness of DH,, Acting on Hardy Spaces

We characterize the compactness of the Derivative-Hilbert D}[ﬂj. We begin with the following Lemma 5.1
which is useful to deal with compactness.

Lemma 5.1. [9] For 0 < € < oo . Suppose that D}[ﬂj is a bounded operator from H*€ into H**¢( resp., By ,¢).
Then DJ{”J. is a compact operator if and only if for any bounded sequence {(fj)n} in H1*€ which converges
uniformly to 0 on every compact subset of D, we have Dﬂ-[uj((fj)n) - 0in H™¢( resp., Byy¢).

The proof is similar to that of Proposition 3.1 in [20].

Theorem 5.2. Suppose 0 < € < 1 and let u; be a positive Borel measure on [0,1) which satisfies the condition
in Theorem 3.3,

(@ If e >0, then D}[ﬂj is a compact operator from H'~¢ into H'*¢ if and only if u; is a vanishing

(E+(1—E)(1+ZE)
e(1-¢€)

(b) If € = 0, then DF{,,, is a compact operator from H'~¢ into H' if and only if y; is a vanishing (E)-Carleson
measure.

(c) If0 < e <1,thenDH,, is a compact operator from H'=€into B, _ if and only if u; is a vanishing (i—:)
Carleson measure.

)—Carleson measure.

Proof (a) First consider € > 0. Suppose that D}[ﬂj is a compact operator from H1~€ into H1*€,

Let {a,,} < (0,1) be any sequence with a,, —» 1. We set

1

1—a? \1-¢
(fj)an(z) = (m) , Z € D.

Then (fj)q, (2) € H'7¢, SuPn21||(fi)an||H1—e <o and (fj)q, — 0, uniformly on any compact subset of D.
Using Lemma 5.1 and bearing in mind that D:I-[“]. is a compact operator from H'~€ into H*€, we obtain that

{D?—[#j((fj)an)} converges to 0 in H'*€. This and (8) imply that

n—-oo

lim f[ )Z Dan (950 + tgj(0))dpt; (©)
0,1 J
(30)

n—-oo

. 2n 0 1+€
= lim [ DI (D) Dgy(e)do =0, g€ H e
0 =
J

Now we wet
€

3 1-— a721 1+€
(9))a,(2) = ((17) zeD.

— a,2)?

60



Abuzeid; J. Adv. Math. Com. Sci., vol. 38, no. 7, pp. 47-66, 2023; Article no.JAMCS.98614

1+€
It is obvious find that g; € H < . For every n, fix 1 — € € (a,, 1). Thus,

|3 Bra®((0en® + £ )iy ©
.05

E e Tre
>Cf Z 1—a? \1-€ 1—a? 1+€_|_26t2 1—a? i (e
[an1) 1 - a,t)? \ (1 — a,t)? 1+e 1+3¢ / i

(1 - ant) €

= e+ (1= e)(1+26)z u;([an, D).
(1—-a2) €t-9©

By (30) and the fact {a,,} < (0,1) is a sequence with a,, — 1, as n — oo, we obtain that
1

ali—gl— €+(1-€)(1+2€) 'uj([an' 1)) =0.
i (1—ag) €0-9

€+(1-€)(1+2¢)

)-Carleson measure.
e(1—€)

Thus ; is a vanishing (

€+(1-€)(1+2¢) 8]
T)-Carleson measure. Let {(j“]-)n}],ﬁ=1 be a

< oo and such that {(f;),} = 0, uniformly on any compact

On the other hand, suppose that y; is a vanishing (

sequence of H~€ functions with sup,-4 ”(ff)"”m-f

subset of D. Then by Lemma 5.1, it is enough to show that {Z)}[Mj((jj-)n)} - 0in H*¢

1+€

Taking g; € H and 1 — € € [0,1), we have
] )Z | (Fn(®) I (g;(®) +tgj(t) | du;(t)
[0,1

= f > ), ®]19:® + tgj©la o + j D), ®]19® + tgi©ldu; ©.
[01-6) 45 [1-e1) 5

Then f[o,1-e) i |Fa®] | g;@® + tg;(©)|du;(t) tends to 0 as {(f;),} = 0 uniformly on any compact subset
of D.

And by the conclusion in the proof of the boundedness in Theorem 4.1 (a), let dv(t) = %duj(t). We
(1-t)1+e

know that v is a vanishing i—Carleson. Then it implies that

f[l El)z | (), ®Ollg;(®) + tgj () | du;(®) <CZ 1g; 1l e fo'l) |(f]-)n(t)|dv1_€(t)

<eN-d ). Ng i se (), |
J

HlE

<CNED ). gyl ase 31)
Jj

It also tends to 0 by (2). Thus

n-oo

lim f > D3, () eg;(e®)do| = 1imf ), ®]19® + tgj©lan @
o 4 n=% Jlo,1) 7

1+e

=0,forall g; € H e .
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It means DH,, ((f,-)n) - 0in H'*¢, by Lemma 5.1 we obtain D, is a compact operator from H'"€into H'*¢,
(b) Lete = 0. Suppose that DF{,,, is a compact operator from H~ e into H'. Let {a,} c (0,1) be any sequence

with a, » 1 and (f}),,, defines I|ke in (). Lemma 5.1 implies that {D}[ﬂj((fj)an)} converges to 0 in H. Then
we have

n—-oo

im | . > D ®(9,((1 = 1) + (1 = Otgj((1 ~ )iy (8)
o
(32)

—00
n 0

= lim fzn z DH,, (e, ) (1 — €)et®)g;(e?)do = 0, g; € VMOA.
7

Set
(9j)ay(2) =log 7— a.

Itis well known that g; € VMOA. For 1 — € € (ay, 1), we deduce that

f Z Dar®(g,(A = 0 + (1 = Otgl (1 — OBy (6)

1-a? ﬁ e a,(1— o)t
= f[an 1) Z <(1 — ayt)? ) <log 1-a,(1—-e)t 1z a,(1— e)t) du; (©)

C

Z ui([an, D).
(1 _an)l € j

Letting a,, = 17asn — oo, we have

, 1
lim > ————u([an, 1) =0.
(1—-af)i-e

We can obtain that y; is a vanishing ( ) Carleson measure.

On the other hand, suppose that u; is a vanishing ( ) Carleson measure. Let dv(t) = (1 —t)~'du;(t), we

know that v is a vanishing E—Carleson. Let {(fj)n}jn=1 be a sequence of H'=¢ functions with

SUPps1 ||(f,-)n||H1_E < oo and such that {(f;),} — 0, uniformly on any compact subset of D. Then by Lemma

5.1, it is enough to show that {D}[ﬂj((fj)n)} - 0 in H. For every g; € VMOA, 0 < € < 1, using (4) and (18),
we deduce that

f N Z | (), Ollg;®) + tgj(©)|du;(t)

f Z |(F), ©|19;@ + tgj©)|du;t) + f (), ©]lg;© + tg; @l ®.
[0,1—€ €1) 5

Then f[0‘1_6)|fj-(t)| | (g;(t) +tgj(t) | du;(t) tends to 0 as {(f;),} = 0 uniformly on any compact subset of
. For second term, arguing as in the proof of the boundedness in Theorem 4.1 (b), we obtain that

f[l cen z |(f;) (t)||g}(t)+tg}(t)|dy}(t)
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1 t
< CZ I gj lzro0a f[o,1) |(f])n(t)| <10g 1—t¢ + m) d'uj(t)

J
<CY g howon [ |0Du®ldvec®
- [0,1)
J (33)
< CN 1) Y 15 hamon Il ome
J

< CN@1-) ) 11 ) Ismon g € VMOA
Jj

it also tends to 0 by (2). Thus

n-oo

limf0 Z Dgfﬂ]((ﬂ)n)(ele)gj(em)dﬁ
j

= lim f Z | ®]|(g;(0) + tgj(®))|du;(t) = 0, forall g; € VMOA.
0.1 5

It means D}[ﬂj((f,-)n) — 0in H!, by Lemma 5.1 we obtain D, is a compact operator from H'~€into H®.

(c) The proof is the same as that of Theorem 4.1(c) and Theorem 5.2(1). We omit the details here.

Finally, we consider the situation of e > 0, characterize those measures ; for which D3, is a compact
operator from H*€ into H'*€, and give sufficient and necessary conditions respectively (see [9]).

Theorem 5.3. Let 0 < e < oo and u; be a positive Borel measure on [0, 1) which satisfies the condition in
Theorem 3.3.

. L (14+2€)+(1+€)(2+2¢€)
(@) If u; is a vanishing ((1+e)(—1+26)

operator from H'*€ into H*2€,
(b) If D3, is a compact operator from H'*€ into H'*%¢, then y; is a vanishing (

measure.

+1+ e)-CarIeson measure for any € > 0, then D}[uj is a compact

(14+2€e)+(1+€)(2+2¢€)

(1+e)(1+2¢€) ) Carleson

Proof (a) The proof is the same as that of Theorem 5.2(a).We omit the details here.
(b) The proof is similar to that of Theorem 4.3(b) and Theorem 5.2(a). We omit the details here.

Similarly, D}[ﬂj in H'*€(0 < € < 1) also have a better conclusion (see [9]).

Theorem 5.4. Let 0 < e <1 and y; be a positive Borel measure on [0,1) which satisfies the condition in
Theorem 3.3. Then 7_)7-[”]_ is a compact operator in H**€ if and only if 4; is a vanishing 2-Carleson measure.

Proof Firstly, let e = 0, we know that Dj{u,— is a compact operator in H* if and only if y; is a vanishing 2-
Carleson measure by Theorem 5.2.

Next, let e = 1, by Theorem 5.3, We only need to show if y; is a vanishing 2-Carleson measure then DHy, isa
compact operator in H2.

Assume that u; is a vanishing 2-Carleson measure and let {(fj)jo} be a sequence of functions in H? with
1Fjoll,,2 < 1, for all jo, and such that (}) , — 0, uniformly on compact subsets of D. Since u; is a vanishing

2-Carleson measure then (u;)n4x = 0 ( ,asn — oo, Say

1
(n+k+1)2)
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&n

" n=012..
m+k+102 "

(#j)nk (#])n+k

Then {&,} — 0. Say that, for every j,

[ee]

(7, (@) = Z a,((j‘))zk, z € D.

k=0
By using the classical Hilbert inequality, we have

2 o)

2 Uo)|?
<m Z |ak°

k=0

(oo}

2.

=0

had (]o)

Z n+k+1

<2 (34)

Take £ > 0 and next take a natural number N such that

£
n=N > &2 <—.

2 2°
We have
(o] (o) 2
2
D LA CAIS EDINCERIE )Y Z nsa”
j n=0 k=0
N [e] 2 oo oo 2
=Y @r DY pua| + D @12 Z Z Uil
n=0 k=0 j n=N+1 k=0
N od o) e a}({]o) 2
j n
SZ (n+1)2 z Z (,u]-)nkak" +Z (n+1)2 m
n=0 k=0 j
N ) o e ® ® I(ch) z
S 0onl5 S o] 5[5
—Z (n+1) : (KD et +27r2 n+k+1
n=0 k=0 j n=0 lk=0

si (n + 1)2 Z z (), a2 +§. (35)
n=0

Now, since (f);, = 0, uniformly on compact subsets of D, it follows that

2

N o
Y a1 D Y pueal®| =0, asjo - oo
n=0 k=0 j

Then it follows that there exist (j,), € N such that ||7_)7-[M].((fj)jo)||2H2 < eforall j, = (jo)o. SO, we have shown
2
that ||33; D3, ((fj)]-o)”H2 — 0. The compactness of D7, on H? follows (see [9]).

Since we have show that when € = 0, the compactness of D}[#j on H'. To deal with the cases 0 < € < 1, we
use again complex interpolation. Let 0 < € < 1 and y; be a vanishing 2-Carleson measure. Recall that

HY€ = (H* H')y, if0<e<landf = -1

1+e€
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We have also that if 0 < € < oo then
H? = (H?*¢, H1)1+e-

for a certain 1 — € € (0,1), namely, € = 0. Since H? is reflexive, and DHy,; is compact from H? into itself and
from H? into itself, Theorem 10 of [21] gives that D, is a compact operator in H*¢ (0 <e<1).

6 Conclusion

We show application of a derivative-Hilbert operator acting on Hardy spaces and terms such as Du,- are well
defined in solid spaces with bounededness and compactness of DH,; on Hardy Spaces. We show characterize
the positive Borel measures p; for which the operator which ﬂ(ﬂj)z and D}[ﬂj is well defined in the Hardy spaces
H1+E.
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