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Abstract 

 
For    to a positive Borel measure on the interval      . The Hankel matrix    

                 
 with 

entries                 , where                      
, the operator is formally induced 

  

 

    
            

 

           

 

   

 

   

          

in the space of each analytical function           
        in the unit disc  . We classify positive Borel 

measures on       as such     
          

     

     

       
       for all in Hardy spaces             , 

and we describe those for which     
 is a bounded*  operator from              into      (   ). 
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1 Introduction 

 
For    be a positive Borel measure on the interval        The Hankel matrix    

               
 with entries 

                 where        
     

           for analytic functions           
     

   the generalized 

Hilbert operator define as 

 

  

 

   
          

 

   

   

 

   

  

 

        
                                                                                                                      

 

When the right side is logical and defines an analytical function in    
 

In recent decades, the generalized Hilbert operator    
 which is induced by the Hankel matrix    

 has been 

studied extensively [1-5]. Galanopoulos and Pel ez [6], characterized the Borel measure    for which the 

Hankel operator    
 is a bounded operator on     Then Chatzifountas, Girela, and Peláez [7] extended this with 

Hardy spaces      with        In [8], Girela and Merchán studied factorization that operates on certain 

fixed areas of analytic functions on disk, we follow S. Ye and G. Feng [9]. 

 

In 2021, Ye and Zhou [10] firstly used the Hankel matrix defined and the Derivative-Hilbert operator     
 as 

 

  

 

    
          

 

   

   

 

   

   

 

                   

 

Another generalized Hilbert-integral operator related to     
 denoted by         

          is defined by 

 

  

 

                  
     

  

 

     

         
        

 

whenever the right Hanright-Handes sense and defines an analytic functions in    We can easily see that the 

case     is the integral representation of the generalized Hilbert operator. Ye and Zhou characterized the 

measure    for which        and     
 are bounded on Bloch space [10] and Bergman spaces [11]. 

 

We consider the operators 

 

    
       

                        

    
       

                  
 

 

The aim is to study the boundedness of       
 and     

  

 

We characterize the positive Borel measures    for which the operator which       
 and     

 is well defined in 

the Hardy spaces       Then we give the necessary and sufficient conditions such that operator     
 is 

bounded from the Hardy space             into the space             or from             into 

            (see [9]). 

 

2 Notation and Preliminaries 

 
For   denote the open unit disk of the complex plane, and let      denote the set of all analytic functions in    
If       and          we set 
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For        the Hardy space      consists of those         such that 

 

   

 

        
     

   
     

   

 

                

 

We refer to [12] for the notation and results regarded Hardy spaces. 

 

For        we let      [13] denote the space consisting of those         for which 

 

   

 

   

    

   
 

 

  

 

  
    
                       

 

The Banach space      is the "containing Banach space" of       that is,      is a dense subspace of       and 

the two spaces have the same continuous linear functionals. (We mention [13] as general references for the      

spaces.) 

 

The space      consists of those functions       whose boundary values limit the mean oscillation on    

as defined by John and Niirenberg. There are many characterizations of      functions. We mention the 

following (see [9]). 

 

For       
   

     
 be a Möbius transformations. If    is an analytic function in    then         if and only if 

 

   

 

   

    

 
     

  

 

          

 

         

 

Where 

 

    
 

 

 

 
     

   
   

   

 

               
    

 

The seminorm      is conformally invariant. If 

 

   
     

   

 

               
      

 

then we say that    belongs to the space VMOA (function analytic for vanishing mean oscillation). We refer to 8 

for the theory of      functions. 

 

We recall that a functions         is said to be a Bloch function if 
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The space of all Bloch functions is denoted by    The classic reference for Bloch's functions theory is [3, 14]. 

The relationship between these spaces which we gave above is well known, 

 

                 

     

      

 

Let us recall the knowledge of the Carleson measure, which is a very useful tool in the study of Banach spaces 

of analytic functions. For        a positive Borel measure    on   will be called an      -Carleson 

measure if there exists a positive constant   such that 

 

                  

 

The Carleson square      is defined as 

 

                         
   

  
         

 

where   is an interval of        denotes the length of    If    satisfies          
        

           we call    is a 

vanishing      -Carleson measure. 

 

For    be a positive Borel measure on    For       we say that    is      -logarithmic      -

Carleson measure, if there exists a positive constant   such that 

 

             
  
  

 
   

      
         

 

If              
  

  
 
   

            as        we say that    is vanishing      -logarithmic      -

Carleson measure [15, 11]. 

 

Suppose    is a      -Carleson measure on    we show that the identity mapping   is well defined from      

into             Let       be the norm of    For        let 

 

                                 

 

Then    is a vanishing      -Carleson measure if and only if 

 

                                                                                                                                                                  

 

A positive Borel measure on       also can be seen as a Borel measure on   by identifying it with the measure 

   defined by 

 

                     

 

for any Borel subset   of    Then a positive Borel measure    on       can be seen as a      -Carleson 

measure on    if 
 

                           

 

Also, we have similar statements for vanishing      -Carleson measures,      -logarithmic      -

Carleson and vanishing      -logarithmic      -Carleson measures. 
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As usual, during this paper,   refers to a positive constant that depends only on the displayed parameters but is 

not necessarily the same from case to case, for any given     
   

 
 will denote the conjugate index of      

that is,     (see [9]). 

 

3 Terms such as    
 are Well Defined in Solid Spaces 

 
We obtain the sufficient condition such this     

 are well-defined in             and obtain that 

    
           

      for all          with the certain condition (see [9]). 

 

We show recall two results about the coefficients of functions in Hardy spaces. 

 

Lemma 3.1. [9], [12, p.98] If 

 

        

 

   

                  

 

Then 

 

      
   
      

 

And 

 

       
   
             

 

Lemma 3.2. [9], [12, p.95] If 

 

        

 

   

                  

 

then               and 

 

   

 

   

                

 
   

    

 

        
     

 

Theorem 3.3. Suppose       and let    be a positive Borel measure on        Then the power series in (1) 

defines a well-defined analytic function in   for every         in any of the two following cases (see [9]). 

 

(a) The measure    is a 
 

   
-Carleson measure, if        

(b) The measure    is a 1-Carleson measure, if        

 

Furthermore, in such cases, we have that 

 

  

 

    
          

     

  

 

     

       
         

 

      
                                                                              

 

Proof First recall a well-known result of Hastings [16]: For          is a 
    

   
-Carleson measure if and 

only if there exists a positive constant   such that 
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(a) Suppose that       and    is a 
 

   
-Carleson measure. Then (4) gives 

 

  
     

  

 

                 

 

                             

 

Fix           
     

       and   with                It follows that 

 

  
     

  

 

       

       
        

 

  
  
     

  

 

              

   
 

  
  

 

         

 

 

This implies that the integral  
     

 
     

       
       uniformly converges and that 

 

  

 

      
           

     

   

 

     

       
      

    

 

   

         
     

  

 

                  

                                                                           

 

Take           
     

        Since    is 
 

   
-Carleson measure, by [7] Proposition 1 and Lemma 3.1, we 

have that there exists     such that 

 

  

 

            

 

          
 

     
 

   

           
 

                 

 

 

Then it follows that, for every    
 

       

 

   

  

 

                        

 

   

 
    

     
 

   

         

 

   

 
    

       
 

     
 

   

          

 

   

 
    

        
  

   

     
 

   

          

 

   

                
   

 

 

and then by Lemma 3.2, we deduce that 
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This implies that     
 is a well defined for all     and that 

 

  

 

    
           

 

   

         

 

   

  

 

             

    

 

   

        
     

   

 

              
 

    
     

  

 

 
     

       
       

                                                                                

 

This give that        
              

      

 

(b) When        since    is a 1-Carleson measure, (4) holds, then the argument used in the proof of (a) 

gives that, for every               
 is well defined analytic function in   and we have (5). 

 

And since    is 1-Carleson measure by Theorem 3 in  [7], we know 

 

       

 

   

  

 

       
          

     

  

 

               

 

which implies that     
 is a well defined for all      and     

           
     (see [9]). 

 

4 Boundedness of  Acting on Hardy Spaces 

 
We mainly characterize those measures    for which     

 is a bounded (resp., compact) operator from      

into       for some     and       
 

Theorem 4.1. [9] Suppose       and let    be a positive Borel measure on       which satisfies the 

condition in Theorem 3.3. 

 

(a) If      then     
 is a bounded operator from      into      if and only if    is a  

             

      
  

Carleson measure. 

(b) If      then     
 is a bounded operator from      into    if and only if    is a  

   

   
  Carleson measure. 

(c) If        then     
 is a bounded operator from      into      if and only if    is a  

   

   
 -Carleson 

measure. 

 

Proof. Suppose        Since    satisfies the condition in Theorem 3.3, as in the proof of Theorem 3.3, we 

obtain that 

 

   

      

                                  

 

Hence, it follows that 
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Using Theorem 3.3, (7) and Fubini's theorem, and Cauchy's integral representation of    , we obtain 

 

 

  
  

  

 

  

 

    
                                             

      
 

  
  

  

 

    
     

   

 

                 

               
     

     

 
 

  
  
     

  

 

              
       

 
    

      

             
          

 
 

  
  
     

   

 

                                    

 
 

  
  
     

  

 

                                
                                                    

                     

 

(a) First consider      Using (8) and the duality theorem [12] for      which says that          
   

  and 

  
   

  
 

            under the Cauchy pairing 

 

  

 

        
 

  
  

  

 

  

 

    
               

                  
   
                                                                 

 

We obtain that     
 is a bounded operator from      into      if and only if there exists a positive constant   

such that 

 

   
     

  

 

                      
                

 

            
 

   
 

             
   
                      

 

Assume that     
 is a bounded operator from      into       Take the families of text functions 

 

          
    

       
 

 
   

            
    

       
 

 
   

         

 

A calculation shows that                       
   

  and 
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It follows that 

 

       
       

   

 

           
       

   

 

    
 

   
 

     
     

  

 

     
                   

          

 
           

    
     

  

 

 
    

       
 

 
   

 

  
    

       
 

 
   

 
    

   
 

    

      
    

 

 

 
   

 

       

  
 

         
  

 

         

                                    

 

This is equivalent to saying that    is a      -Carleson measure. On the other hand, suppose    is a      -

Carleson measure, it is well known that any functions     
   

  [12] has the property 

 

   

 

        
       

 
   
 

       
 

   

                                                                                                                                            

 

By the  Cauchy formula, we can obtain that 

 

   

 

  
         

 

    
 

   
 

       
    
   

                                                                                                                                    

 

Let       
 

     
    
   

        Using Lemma 3.2 of [17], we obtain that   is an 
 

   
-Carleson. 

 

This together with (12) and (13) we obtain that 

 

   
     

   

 

                     
                 

 

    
 

   
 

  
     

         
 

     
 

   

 
 

     
    
   

       

     

 

    
 

   
 

  
     

             

     

 

    
 

   
 

              
   
                                   

 

 

Hence (10) holds and then     
 is a bounded operator from      into       

 

(b) We shall use Fefferman's duality theorem, which says that            and              under the 

Cauchy pairing 
 

  

 

           
      

 
 

  
  

  

 

  

 

                                  
            

                                                                                                                                       
 

Using the duality theorem and (8) it follows that     
 is a bounded operator from      into    if and only if 

there exists a positive constant   such that 
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Suppose that     
 is a bounded operator from      into     Take the families of text functions 

 

          
    

       
 

 
   

               
 

    
         

 

A calculation shows that                           and 

 

   
       

   

 

                    
       

   

 

            

 

We let            and obtain 

 

       
       

   

 

           
       

         

     
     

  

 

      
                   

                    

 
                

    
     

   

 

 
    

       
 

 
   

    
 

         
 

       

         
       

  
 

      
   
   

  

 

          

                                               

 

This is equivalent to saying that    is a  
   

   
 -Carleson measure. 

 

On the other hand, suppose    is a  
   

   
 -Carleson measure. It is well known that any functions      [14] has 

the property 

 

   

 

          

 

         
 

     
           

 

  
         

 

     

     
                                                                  

 

Let       
 

   
        then   is an  

 

   
-Carleson. Using (16), (18) and       , Theorem 5.2 in [18], we 

obtain that 
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Hence (16) holds and then     
 is a bounded operator from      into     

 

(c) If        Now we recall Theorem 10 in [13] that      they can be identified with the duplication of a 

particular subspace   of    under the pairing 

 

  

 

           
      

 
 

  
  

  

 

  

 

                                  
                                                                    

 

This together with (8) and (20), we obtain that     
 is a bounded operator from      into      if and only if 

there exists a positive constant   such that 

 

   
     

  

 

                                
                     

 

                     

                                                                                                                                        

 

Suppose that     
 is a bounded operator from      into       take the text function families 

 

          
    

       
 

 
   

           
    

    
         

 

A calculation shows that                         and 

 

   
       

   

 

                    
       

  

 

           

 

We let            obtain 

 

       
       

   

 

           
       

       

     
     

   

 

                        
                    

 
                

    
     

   

 

 
    

       
 

 
   

  
    

           
   

          

            
        

  
 

      
   
   

  

 

          

                                     

 

This is equivalent to saying that    is a  
   

   
 -Carleson measure. 

 

On the other hand, assume    is a  
   

   
 -Carleson measure, then       

 

   
       as an 

 

   
-Carleson. Then 

we have that 
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Hence (21) holds and then     
 is a bounded operator from      into       

 

Next, we will consider        giving the sufficient condition and the other necessary condition for the 

restriction     
 from      into       respectively. 

 

We give Lemma 4.2 which is useful when we proof of the Theorem 4.3. 

 

Lemma 4.2. Let    be a positive measure on       and      If    is a       -Carleson measure, then 

 

  
     

  

 

 

        
          

 

The result is obvious, we omit the details (see [9]). 

 

Theorem 4.3. Let       and    be a positive Borel measure on       which satisfies the condition in 

Theorem 3.3, 

 

(a)If    is a  
                  

           
     -Carleson measure for any      then     

 is a bounded operator 

from      into        

(b) If     
 is a bounded operator from      into        then    is a  

                  

           
 -Carleson measure. 

 

Proof. Suppose    is a  
                  

           
     -Carleson measure. Let       

 

   
      , then   is a 

 
         

           
     -Carleson. And set      the conjugate exponent of     is      

       

    
 and 

 

   
 

  

    
   

    

    
  Then by Theorem 9.4 in [12],      is continuously embedded in           that is, 

 

   
     

   

 

       
         

 
   

    

 

                                                                                                

 

and, by Lemma 4.2, 

   
     

 
 

     
    

    

      

 
  

       
    
                                                                                                         

 

Using Hölder's inequality with exponents     and     (24) and (25), we obtain that 
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Hence, (10) holds and then it follows that     
 is a bounded operator from      into        

 

Conversely, if     
 is a bounded operator from      into        then    is a  

                  

           
  Carleson 

measure. The evidence is the same as that of Theorem 4.1(a). We omit the details here (see [9]). 

 

We also find     
 in             have a better conclusion. 

 

Theorem 4.4. Let       and    be a positive Borel measure on       which satisfies the condition in 

Theorem 3.3. Then     
 is a bounded operator in      if and only if    is a 2-Carleson measure. 

 

Proof Firstly, if      by Theorem 4.1 we obtain that     
 is a bounded operator in    if and only if    is a 2-

Carleson measure. 

 

If      by Theorem 4.3 we only need to show that if    is a 2 -Carleson measure then     
 is a bounded 

operator in     
 

Since           
     

      we have       
      

      
   and when    is a 2-Carleson measure, we have 

 

                    
 

        
                                                                                                                                 

 

By using classical Hilbert inequality, (1), and (27), we obtain that 

 

  

 

 
     

     
 
  

 
   

 

   

          

 

   

  

 

          

 

    

 

   

          

 

   

  

 

             

 

     

 

   

          

 

   

 
    

        
 

 

     

 

   

    

 

   

 
    

       
 

 

     

 

   

     
     

 

      
                             

 

 

Thus     
 is a bounded operator in     Finally, we shall use complex interpolation to present our results. We 

know that 
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Using (29) and [19, Theorem 2.4], it follows that     
 is a bounded operator in               

 

Conjecture 4.6. We conjecture that if    is a 2-Carleson measure then     
 is a bounded operator in      for 

all       (see [9]). 

 

5 Compactness of     
 Acting on Hardy Spaces 

 
We characterize the compactness of the Derivative-Hilbert     

  We begin with the following Lemma 5.1 

which is useful to deal with compactness. 

 

Lemma 5.1. [9] For         Suppose that     
 is a bounded operator from      into         resp.,         

Then     
 is a compact operator if and only if for any bounded sequence         in      which converges 

uniformly to 0 on every compact subset of    we have     
          in         resp.,       . 

 

The proof is similar to that of Proposition 3.1 in [20]. 

 

Theorem 5.2. Suppose       and let    be a positive Borel measure on       which satisfies the condition 

in Theorem 3.3, 

 

(a) If      then     
 is a compact operator from      into      if and only if    is a vanishing 

 
             

      
 -Carleson measure. 

(b) If      then     
 is a compact operator from      into    if and only if    is a vanishing  

   

   
 -Carleson 

measure. 

(c) If        then     
 is a compact operator from      into      if and only if    is a vanishing  

   

   
 -

Carleson measure. 

 

Proof (a) First consider      Suppose that     
 is a compact operator from      into       

 

Let            be any sequence with       We set 

 

      
     

    
 

        
 

 
   

       

 

Then       
                                 and       

    uniformly on any compact subset of    

Using Lemma 5.1 and bearing in mind that     
 is a compact operator from      into       we obtain that 

     
       

   converges to 0 in       This and (8) imply that 

 

    
   

   
     

  

 

      
                        

           

     
   

   
  

 

  

 

     
       

                                 
             

   
  

                                                                            

 

Now we wet 
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It is obvious find that     
   

   For every    fix             Thus, 

 

   
     

  

 

      
                     

           
            

    
      

  

 

 
    

 

        
 

 
   

 

  
    

 

        
 

 
   

 
    

   
 

    
 

       
    

 

 

 
   

 

       

 
 

     
  

             
      

  

 

            

 

By (30) and the fact            is a sequence with       as      we obtain that 

 

   
    

   

 

 

     
  

             
      

              

 

Thus    is a vanishing  
             

      
 -Carleson measure. 

 

On the other hand, suppose that    is a vanishing  
             

      
 -Carleson measure. Let             

 
 be a 

sequence of      functions with                        and such that            uniformly on any compact 

subset of    Then by Lemma 5.1, it is enough to show that      
           in      

 

Taking     
   

  and            we have 

 

   
     

   

 

                    
            

    
       

   

 

      
              

              
       

   

 

      
              

            
     

 

Then  
       

                          
            tends to 0 as           uniformly on any compact subset 

of    
 

And by the conclusion in the proof of the boundedness in Theorem 4.1 (a), let       
 

     
    
   

        We 

know that   is a vanishing 
 

   
-Carleson. Then it implies that 

 

  
       

   

 

      
              

               

 

    
 

   
 

  
     

       
            

           

 

    
 

   
 

 
       

 
    

           

 

    
 

   
 

                              

 

It also tends to 0 by (2). Thus 
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It means     
          in       by Lemma 5.1 we obtain     

 is a compact operator from      into       

(b) Let      Suppose that     
 is a compact operator from      into     Let            be any sequence 

with      and       
 defines like in (a). Lemma 5.1 implies that      

       
   converges to 0 in     Then 

we have 

 

    
   

   
     

  

 

       
                                  

                

     
   

   
  

 

  

 

     
       

                                               
                 

                                                            

 

Set 

      
        

 

     
  

 

It is well known that          For             we deduce that 

 

   
     

   

 

      
                                  

                

     
      

   

 

 
    

 

       
 
 

 
   

     
 

          
 

        

          
       

  
 

      
   
   

  

 

           

 

 

Letting      as      we have 

 

   
    

  

 

 

     
  

   
   

              

 

We can obtain that    is a vanishing  
   

   
 -Carleson measure. 

 

On the other hand, suppose that    is a vanishing  
   

   
 -Carleson measure. Let                       we 

know that   is a vanishing 
 

   
-Carleson. Let        

     

 
 be a sequence of      functions with 

                       and such that            uniformly on any compact subset of    Then by Lemma 

5.1, it is enough to show that      
           in     For every                using (4) and (18), 

we deduce that 

 

   
     

   

 

      
              

           

    
       

   

 

      
              

              
       

  

 

       
              

            
 

 

Then  
       

                   
             tends to 0 as           uniformly on any compact subset of 

   For second term, arguing as in the proof of the boundedness in Theorem 4.1 (b), we obtain that 
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it also tends to 0 by (2). Thus 

 

    
   

    
  

 

  

 

     
         

                             
      

     
   

   
     

   

 

                     
                                 

 

 

It means     
          in     by Lemma 5.1 we obtain     

 is a compact operator from      into     

(c) The proof is the same as that of Theorem 4.1(c) and Theorem 5.2(1). We omit the details here. 

 

Finally, we consider the situation of      characterize those measures    for which     
 is a compact 

operator from      into       and give sufficient and necessary conditions respectively (see [9]). 

 

Theorem 5.3. Let       and    be a positive Borel measure on       which satisfies the condition in 

Theorem 3.3. 

 

(a) If    is a vanishing  
                  

           
     -Carleson measure for any      then     

 is a compact 

operator from      into        

(b) If     
 is a compact operator from      into        then    is a vanishing  

                  

           
  Carleson 

measure. 

 

Proof (a) The proof is the same as that of Theorem 5.2(a).We omit the details here. 

 

(b) The proof is similar to that of Theorem 4.3(b) and Theorem 5.2(a). We omit the details here. 

 

Similarly,     
 in             also have a better conclusion (see [9]). 

 

Theorem 5.4. Let       and    be a positive Borel measure on       which satisfies the condition in 

Theorem 3.3. Then     
 is a compact operator in      if and only if    is a vanishing 2-Carleson measure. 

 

Proof Firstly, let      we know that     
 is a compact operator in    if and only if    is a vanishing 2-

Carleson measure by Theorem 5.2. 

 

Next, let      by Theorem 5.3, We only need to show if    is a vanishing 2-Carleson measure then     
 is a 

compact operator in     
 

Assume that    is a vanishing 2-Carleson measure and let        
  be a sequence of functions in    with 

                for all     and such that           uniformly on compact subsets of    Since    is a vanishing 

 -Carleson measure then           
 

        
   as      Say 
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Then         Say that, for every     
 

            

 

   

  
    

         

 

By using the classical Hilbert inequality, we have 

 

  

 

   

   

 

   

 
  

    

     
 

 

     

 

   

   
    

 
 

                                                                                                                  

 

Take     and next take a natural number   such that 

 

        
  

 

   
  

 

We have 

 

  

 

 
     

         
 
  

 
   

 

   

          

 

   

  

 

          
    

 

 

   

 

   

          

 

   

  

 

          
    

 

 

   

 

     

          

 

   

  

 

          
    

 

 

   

 

   

          

 

   

  

 

          
    

 

 

   

 

   

          

 

   

 
    

    

        
 

 

   

 

   

          

 

   

  

 

          
    

 

 

 
 

   
  

 

   

    

 

   

 
  

    

     
 

 

 

   

 

   

          

 

   

  

 

        
  

    
 

 

 
 

 
                                                                         

 

Now, since           uniformly on compact subsets of    it follows that 

 

  

 

   

         

 

   

  

 

          
    

 

 

             

 

Then it follows that there exist         such that  
     

         
 
  

 
   for all           So, we have shown 

that  
                

 
  

 
    The compactness of     

 on    follows (see [9]). 

 

Since we have show that when      the compactness of     
 on     To deal with the cases        we 

use again complex interpolation. Let       and    be a vanishing 2-Carleson measure. Recall that 
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We have also that if       then 

 

                 
 

for a certain            namely,      Since    is reflexive, and     
 is compact from    into itself and 

from    into itself, Theorem 10 of [21] gives that     
 is a compact operator in              

 

6 Conclusion 

 
We show application of a derivative-Hilbert operator acting on Hardy spaces and terms such as    

 are well 

defined in solid spaces with bounededness and compactness of     
 on Hardy Spaces. We show characterize 

the positive Borel measures    for which the operator which       
 and     

 is well defined in the Hardy spaces 
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