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Abstract: Let G = (V, E) be a finite simple graph with v = |V(G)| vertices and e = |E(G)| edges. Further
suppose that H := {Hj, Hp, ..., H;} is a family of subgraphs of G. In case, each edge of E(G) belongs to at
least one of the subgraphs H; from the family H, we say G admits an edge-covering. When every subgraph
H; in H is isomorphic to a given graph H, then the graph G admits an H-covering. A graph G admitting H
covering is called an (a,d)-H-antimagic if there is a bijection 7 : VUE — {1,2,...,v + e} such that for each
subgraph H' of G isomorphic to H, the sum of labels of all the edges and vertices belongs to H' constitutes an
arithmetic progression with the initial term 4 and the common difference d. For (V) = {1,2,3,...,v}, the
graph G is said to be super (a,d)-H-antimagic and for d = 0 it is called H-supermagic. When the given graph
H is a cycle C,, then H-covering is called Cy,-covering and super (4, d)-H-antimagic labeling becomes super
(a,d)-Cp-antimagic labeling. In this paper, we investigate the existence of super (4, d)-C-antimagic labeling
of book graphs B, for m = 4, n > 2 and for differencesd = 1,2,3,...,13.
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1. Introduction

et G be a finite and simple graph. A family of subgraphs Hj, Hy, ..., H; is defined as an edge-covering
L of G such that each edge of E(G) belongs to at least one of the subgraphs H;, i = 1,2,...,t. Then G
admits an (Hy, Hy, ..., Hy)-(edge) covering. If every subgraph H; is isomorphic to a given graph H, then the
graph G admits an H-covering. A graph G admitting an H-covering is called (a, d)-H-antimagic if there exists
a total labeling 7 : V(G) UE(G) — {1,2,...,v + e} such that for each subgraph H' of G isomorphic to H, the
H'-weights,

why(H) =}, n@)+ ), nle),
veV(H') ecE(H')
constitute an arithmetic progression a,a + d,a +2d,...,a + (t —1)d, where 4 > 0 and d > 0 are two
integers and t is the number of all subgraphs of G isomorphic to H. Moreover, G is said to be super
(a,d)-H-antimagic, if the smallest possible labels appear on the vertices. If G is a super (4,d)-H-antimagic
graph then the corresponding total labeling 7 is called the super (a,d)-H-antimagic labeling. For d = 0, the
super (a,d)-H-antimagic graph is called H-supermagic.

The H-supermagic graph was first introduced by Gutiérrez et al. in [1]. They proved that the star Kj ,
and the complete bipartite graphs Kj, ,, are K; ,-supermagic for some 1. They also proved that the path P, and
the cycle C,, are Py-supermagic for some h. Lladé et al. [2] investigated C,-supermagic graphs and proved
that wheels, windmills, books and prisms are Cj-magic for some /. Some results on C,-supermagic labelings
of several classes of graphs can be found in [3]. Maryati ef al. [4] gave Pj,-supermagic labelings of shrubs,
subdivision of shrubs and banana tree graphs. Other examples of H-supermagic graphs with different choices
of H have been given by Jeyanthi et al. in [5]. Maryati et al. [6] investigated the G-supermagicness of a disjoint
union of ¢ copies of a graph G and showed that disjoint union of any paths is cPj,-supermagic for some ¢ and
h.

The (a,d)-H-antimagic labeling was introduced by Inayah et al. [7]. In [8] Inayah et al. investigated the
super (a,d)-H-antimagic labelings for some shackles of a connected graph H.
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For H = Kj, super (4, d)-H-antimagic labelings are also called super (4, d)-edge-antimagic total labelings.
For further information on super edge-magic labelings, one can see [9-12].

The super (a,d)-H-antimagic labeling is related to a super d-antimagic labeling of type (1,1,0) of a plane
graph which is the generalization of a face-magic labeling introduced by Lih [13]. Further information on
super d-antimagic labelings can be found in [14-16].

In [17], Awais et al. proved the existence of (a,d)-C4-antimagic labeling of book graphs B, (for difference
d = 0,1) and of its disjoint union. In this paper, we study the existence of super (4, d)-C4-antimagic labeling of
book graphs B, for differencesd =1,2,3,...,13 and n > 2.

2. Super Cycle Antimagic Labeling

In this section, we discussed super (a, d)-C4-antimagicness of book graphs for difference d = 1,2,3,...,13.

Let Ky ,, n > 2 be a complete bipartite graph on n + 1 vertices. The book graph By, is a cartesian product of
Ky, with K. i.e., By = K; ,0K5. Clearly book graph B, admits C4-covering. The book graph B, has the vertex
set and edge set as

V(Bn) = {y1, 2} VUL {x(1,i), X2}
E(Bn) = Uiig{yax(1,i), ¥2X(2,i), X(1,1)%2) } U {va1y2}
respectively. It can be noted that |V (B,,)| = 2(n+ 1) and |E(B,)| = 3n + 1.
Every Cij),l < j < n in B, has the vertex set: V(Cg)) = {v1,y2,x(1j), X2y} and the edge set: E(Cij)) =
Y1y2,11%(1,j), Y2X (2,5, X(1,) ¥ (2, }-
Under a total labeling ¢, the Cij )—weights, j=1,...,n,would be:

w: €= ¥ o+ T ).

vev(cy)) ecE(CY))

Z( i) + () + EWixe) ) + Evae) + (¥ %2 M

Theorem 1. For any integer n > 2, the book graph B, admits super (a,d)-Cy-antimagic labeling for differences
d=13,...,13.
Proof. Under a labeling ¢, the set {y1, y2, y1y2}, would be labeled as:

) =k k=12
Sy1y2) =2(n+1)+1

and therefore the partial sum of wt; (Cflj )) would be

$(y1) +8(y2) +S(y1y2) =2(n +3). 2)

Ford =1,3,...,9,13

2j+1, k=1
X . e
balxiep) {2(j+1), k=2
247, k=1
X . =
S (x) {n+2+j, k=2
3n+4—j, d=
Calx(1X,))) = (2n+3+], d=3,57,9

2n+1+3j, d=11,13
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Ca(Ykx, ) =

where indices j are taken modulo 7.

(k+3)n+4—j,
5n+4—j,
3n+347,
(k+2)n+3+j,
3n+2j+k+1,
3(n+j)—k
3(n+j)+k—1,

k=12 d=1,3

k=1 d=5
k=2 d=5
k=12 d=7
k=12 d=9

k=12 d=11
k=12 d=13

Clearly ¢(V(By)) = {1,2,...,2(n + 1)}. Therefore ¢ is a super labeling together with {(E(By)) =
{2(n+1)+1,2(n+1)+2,...,5n + 3} which shows ¢ is a total labeling.

Using (1) and (2), wtg, (Cg)) are:

14n + 21+,
131 + 20 + 3],
121 +19 +5j,
= 1n+18+7j,
101 +17+9j,
11n + 8+ 115,
107 + 11+ 13],

Clearly wtg, (C ij )) constitutes arithmetic progression and therefore book graphs are super (a,d)-Cy-antimagic
ford =1,3,...,13. This completes the proof.

O

Theorem 2. For any integer n > 2, the book graph B, admits super (a,d)-Cy-antimagic labeling for differences

d=2,4,...,10.

Proof. Case n = 0 (mod 2)

For d = 2,4, 6,8 the labeling ¢ for the set {y1,y2, y1y2}, would be labeled as:

Cay1) =1
n
Ca(y2) = 5 +2
Ca(y1y2) =2n+3

and therefore the partial sum of wtg(Cij )) would be

¢a(y1) +Ga(y2) + Ca(yay2)

The remaining set of elements has the labeling ¢ as:

1+,

Ca(x ) =

2j -4 41,
2 +2(1+)),

n+2+j,

~ T e

2

k=1,j=12,...%
k=1,j=%5+1,...
k=2 j=12,...,
k=2j=5%4+1,...,n

n

NS

®)
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2(n+1)+1+], d=2
Ca(x(1jx2,) = {5n+4—], d=
434, i=68
n(k+3)+4—j, d=2
Ca(vkx,)) = {n(k+1) +347, d=4,6
2(n+j)+k+1, d=38

For difference d = 10 the labeling ¢ is defined as:

Ca(y1) =1

Caln) =5 +2

Ca(y1y2) =2n+3

and the partial sum of wtg(Cij )) would be:

Caly1) + Ealv2) + Calyiya) = 2 16

2
2j+1, k=1, j=12,... %
2j—mn, k=1,j=%5+1,...,n
Calx(j) = oy b9 i_192 %
2 ]’ */]*//---/2
W +3—j, k=2 j=%+1...,n

gd(x(l,j)x(Z,j)) =2n+1+ 3j
Calikxjy) =2n+ (k+1) +3j, k=12

Clearly ¢(V(By)) = {1,2,...,2(n+1)}. Therefore ¢ is a super labeling and together with
{2(n+1)+1,2(n+1)+2,...,5n+ 3} which shows ¢ is a total labeling.

Using (1), (3) and (4), wtg(Cij)) are:

147 + 20 + 25, d=2
137 + 19 + 4, d=4

wtg (CY) = {120 + 18 + 6], d=6
11n+17 4 8, d=
11n + 15 + 10j, d=10

4)

g(E(Bn)) =

Therefore wt;, (Cy )) constitutes arithmetic progression for differences d = 2,4, ...,10 when n = 0 (mod 2).

Casen =1 (mod 2)

For the set {y1, 2, y1y2}, labeling ¢ would be:

Ca(yr) =1
Ca(y2) =n+2

Ca(y1y2) =2n+3

and therefore the partial sum of wt; (Cflj )) would be

Ca(y1) +Ca(y2) +Ca(y1y2) = 3(n +2)

©)
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For differences d = 2,4,6,10

2j,
2j—mn,
Ca(x(kj) = 3(21) 42—,
5(45)+1-],
and for differences d = 8
n+2-2j,
£ ) 2(n+1) —2j,
X ) =
T s (1) + 14,
24
For differences d = 2,4, ..., 10, the set of edges has the labeling ¢
5n+4—j,
gd(xm,j)x(z,]-)) =< 4n +3+j/
2n+3+3j,

nk+1)+3+j,
Ca(Vkxkjy) = { 2(n+j) +k+1,
2n +k+3j,

_ f 1
k=1, j=12,...,%
k:1,]':%+1,...,n
_ ;o 1
k=2, j=12,...,%

k=2j="H+1,...n

k=1, j=1,2,..
k=1,j="1H, ..
k=2, j=12,...
k=2 j=4,
defined as:
d=2

d=14,6
d=238,10

k=1,2, d=24

k=12 d=6
d=38,10

=

Clearly ¢(V(Bn)) = {1,2,...,2(n+ 1)}. Therefore ¢ is a super labeling together with ¢(E(By,)) = {2(n +

1)+1,2(n+1)+2,...,5n + 3} which shows ¢ is a total labeling.
Using (1) and (5), wt;(Cij)) are:

3 4 2j,
2L 14,
wi, (C)) = { 252 16
22 1 8j,
B 44,

Therefore wt;, (C ij )) constitute arithmetic progression for differences d = 2,4, ...,10 when n = 1 (mod 2).
Hence book graphs are super (a,d)-Cy-antimagic for d = 2,4, ...,10. This completes the proof.

O

Theorem 3. For any integer n > 2, the book graph B, admits super (a,12)-Cy-antimagic labeling.

Proof. Case n = 0 (mod 2)

Under a labeling ¢, the set {y1,y2, y1y2}, would be labeled as:

Cr2(y1) =1
n+4
2

S12(y2) =

Cr2(y1iy2) =2n+3

QU [ o™ AR
I
= 00 O = N
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and therefore the partial sum of wtg(Cy )) would be

5n+12
Gi2(y1) +Ga(y2) +8a(y1y2) = = ©6)
1+j k=1, j=12,...,%2
2j+1-12 k=1, ij=24+1,...,n
Srlxwy) =9, : 2 "
7+2(1+]), k:2, ]:1,2,...,j
n+2+j, k=2 j=%+4+1...,n
S2(ykx(rj)) = 2(n+k) +3j—1 k=1,2
C12(x(1,j)X(2,)) =2(n+1) +3j
where indices j are taken modulo #.
Casen =1 (mod 2)
Under a labeling ¢, the set {y1, y2, y1y2}, would be labeled as:
3
Gia(y) = 5 (n —1) + 2k
C12(vay2) = 2n +3
and therefore the partial sum of wt; (Cg )) would be
G12(y1) + Ga(y2) +Ca(y1y2) = 5n +6 )
j k=1, j=12,..., 43!
2j — 3 k=1, j="21+1,...,n
C2(Xkj) = § wm 2 . nz
T+2]’ k:2, :2+1/"'1n
n+2+j, k=2 j=%+4+1,...,n
Cl2(ykx(k,j)) =2n +k+3]' k= 1,2

‘:12(3‘(1,]‘)3‘(2,]‘)) =2n+ 3(1 + ])
where indices j are taken modulo n.

Clearly ¢(V(Bn)) = {1,2,...,2(n+1)}. Therefore ¢ is a super labeling together with ¢(E(B,)) = {2(n +
1)+1,2(n+1) +2,...,51 + 3} which shows ¢ is a total labeling.

Using (1), (6) and (7), wtg(Cij)) are:

(), _ )3(Bn+5)+12j n=0 (mod?2)
wtz (C)) =
e (Cf7) {2371;254_12]- n=1 (mod2)

Hence book graphs are super (a,12)-C4-antimagic. This completes the proof.
O
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